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Abstract 

We derive tight expressions for the maximum number of A:-faces, 0<fc<d-l, of the 
Minkowski sum, Pi + --- + Pr, of r convex d-polytopes Pi,... ,Pr in , where d>2 and r < d, 
as a (recursively defined) function on the number of vertices of the polytopes. Our results 
coincide with those recently proved by Adiprasito and Sanyal [2]. In contrast to Adiprasito 
and Sanyal’s approach, which uses tools from Combinatorial Commutative Algebra, our 
approach is purely geometric and uses basic notions such as /- and h-vector calculus and 
shellings, and generalizes the methodology used in [15] and [14] for proving upper bounds 
on the /-vector of the Minkowski sum of two and three convex polytopes, respectively. The 
key idea behind our approach is to express the Minkowski sum Pi +■■■ + P^ as a section of 
the Cayley polytope C of the summands; bounding the fc-faces of Pi + ■■■ + Pr reduces to 
bounding the subset of the {k + r - l)-faces of C that contain vertices from each of the r 
polytopes. We end our paper with a sketch of an explicit construction that establishes the 
tightness of the upper bounds. 


1 Introduction 

Given two sets A and B in d > 2, their Minkowski snm A + B is the set {a + b \ a € A,b € 
B}. The Minkowski snm definition can be extended natnrally to any nnmber of snmmands: 
A\^r] •= + ^2 + ■■■ + = {oi + 02 + ■■■ + flr | Oj € Aj, 1 < f < r}. Minkowski snms have a 

wide range of applications, inclnding algebraic geometry, compntational commntative algebra, 
collision detection, compnter-aided design, graphics, robot motion planning and game theory, 
jnst to name a few (see also [2], [14] and the references therein). 

In this paper we focns on convex polytopes, and we are interested in compnting the worst- 
case complexity of their Minkowski snm. More precisely, given r d-polytopes Pi,... ,Pr in 
we seek tight bonnds on the nnmber of fc-faces fk{P[r])) 0 < fc < d - 1, of their Minkowski snm 
P\^r] Pi + P 2 + + Pr- This problem, which can be seen as a generalization of the Upper 

Bonnd Theorem (UBT) for polytopes [18], has a history of more than 20 years. Gritzmann and 
Stnrmfels [11] were the first to consider the problem, and gave a complete answer to it, for any 
nnmber of d-polytopes in M'^, in terms of the nnmber of non-parallel edges of the r polytopes. 
More than 10 years later, Fnknda and Weibel [7] proved tight npper bonnds on the nnmber of 
fc-faces of the Minkowski snm of two 3-polytopes, expressed either in terms on the nnmber of 
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vertices or number of facets of the summands. Fogel, Halperin, and Weibel [6] extended one of 
the results in [7], and expressed the number of facets of the Minkowski sum of r 3-polytopes in 
terms of the number of facets of the summands. Quite recently Weibel [21] provided a relation 
for the number of /c-faces of the Minkowski sum of r > d summands in terms of the /c-faces of 
the Minkowski sums of subsets of size d - 1 of these summands. This result should be viewed in 
conjunction with a result by Sanyal [19] stating that the number of vertices of the Minkowski sum 
of r d-polytopes, where r > d, is strictly less than the product of the vertices of the summands 
(whereas for r < d-1 this is indeed possible). About 3 years ago, the authors of this paper proved 
the first tight upper bound on the number of /c-faces for the Minkowski sum of two d-polytopes 
in W^, for any d > 2 and for all 0 < /c < d - 1 (cf. [15]), a result which was subsequently extended 
to three summands in collaboration with Konaxis (cf. [14]). 

In a recent paper, Adiprasito and Sanyal [2] provide the complete resolution of the Upper 
Bound Theorem for Minkowski sums (UBTM). In particular, they show that there exists, what 
they call, a Minkowski-neighborly family of r d-polytopes Ni ,..., AV, with /o(Aj) = n*, 1 < i < r, 
such that for any r d-polytopes Pi,P 2 ,... ,Pr c with fo{Pi) = Ui, 1 < i < r, fk{P[r]) is bounded 
by above by /fc(A"[r-]), for all 0 < /c < d - 1. The majority of the arguments in the UBTM proof 
by Adiprasito and Sanyal make use of powerful tools from Combinatorial Commutative Algebra. 
The high-level layout of the proof is analogous to McMullen’s proof of the UBT, as well as the 
proofs of the UBTM in [15] and [14] for two and three summands, respectively: 

1. Consider the Cayley polytope C c of the r polytopes Pi,P 2 ,..., Pr, and identify their 

Minkowski sum as a section of C with an appropriately defined d-flat W. Let J- c be 

the faces of C that intersect W, and let K, be the closure of T under subface inclusion (/C is a 
{d + r - l)-polytopal complex). By the Cayley trick, there is a bijection between the faces of 
P and the faces of P[r]] as a result, to bound the number of faces of P\J^^ it suffices to bounds 
the number of faces of P. 

2. Define the /i-vector h{P) of P, and prove the Dehn-Sommerville equations for h(P), relating 
its elements to the elements of h(IC). 

3. Prove a recurrence relation for the elements of h{P). 

4. Use the recurrence relation above to prove upper bounds for hk{P), for all 0 < /c < J, 

5. Prove upper bounds for hk{IC), for all 0 < fc < J, 

6. Provide necessary and sufficient conditions under which the elements of both h{P) and h{lC) 
are maximized for all k. These conditions are conditions on the lower half of the /i-vector of 
P. Due to the relation between the /- and /i-vectors of P^ these are also conditions for the 
maximality of the elements of f{P)- 

7. Describe a family of polytopes for which the necessary and sufficient conditions hold; clearly, 
such a family establishes the tightness of the upper bounds. 

In Adiprasito and Sanyal’s proof steps 2, 3 and 4 are proved by introducing a powerful new 
theory that they call the relative Stanley-Reisner theory for simplicial complexes. The focus of 
this theory is on relative simplicial complexes, and is able to reveal properties of such complexes 
not only under topological restrictions, but also account for their combinatorial and geometric 
structure. To apply their theory, Adiprasito and Sanyal consider the simplicial complex JC and 
then define P as a relative simplicial complex (they call them the Cayley and relative Cayley 
complex, respectively). They then apply their relative Stanley-Reisner theory to P to establish 
the Dehn-Sommerville equations of step 2, the recurrence relation of step 3 and finally the upper 
bounds for h(P) in 4. Steps 5 and 6 are done by clever algebraic manipulation of the /i-vectors 
of P and /C, by exploiting the geometric properties of /C, and by making use of the recurrence 
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relation in step 3. Step 7 is reduced to results by Matschke, Pfeifle, and Pilaud [17] and Weibel 

[ 21 ]. 

Our contribution. In what follows, we provide a completely geometric proof of the UBTM, 
that generalizes the technique we used in [15] and [14] for two and three summands to the case 
of r summands, when r < d. Instead of relying on algebraic tools, we use basic notions from 
combinatorial geometry, such as stellar subdivisions and shellings. Our proof, in essence, differs 
from that of Adiprasito and Sanyal in steps 2, 3, 4 and 5 of the layout above (the remaining 
steps do not use tools from Combinatorial Commutative Algebra anyway). 

In more detail, to prove the various intermediate results, towards the UBTM, we consider the 
Cayley polytope C and we perform a series of stellar subdivisions to get a simplicial polytope Q. 
From the analysis of the combinatorial structure of Q, we derive the Dehn-Sommerville equations 
of step 2 (see Sections 3 and 4), as well as the recurrence relation of step 3 (see Section 5). This 
recurrence relation is then used for establishing the upper bounds for the elements of h{!F) and 
h{lC) (see Section 6). We end with a construction similar to the one presented in [17, Theorem 
2.6], that establishes the tightness of the upper bounds (see Section 7). 

2 Preliminaries 

Let P be a d-dimensional polytope, or d-polytope for short. Its dimension is the dimension of its 
affine span. The faces of P are 0, P, and the intersections of P with its supporting hyperplanes. 
The 0 and P faces are called improper, while the remaining faces are called proper. Each face 
of P is itself a polytope, and a face of dimension k is called a fe-face. Faces of P of dimension 
0,1, d - 2 and d - 1 are called vertices, edges, ridges, and facets, respectively. 

A d-dimensional polytopal complex or, simply, d-complex, is a finite collection of polytopes 
in such that (i) 0 e (ii) if P e then all the faces of P are also in and (iii) the 
intersection P r\Q for two polytopes P and Q in is a face of both. The dimension dim('^) 
of ^ is the largest dimension of a polytope in A polytopal complex is called pure if all its 
maximal (with respect to inclusion) faces have the same dimension. In this case the maximal 
faces are called the facets of A polytopal complex is simplicial if all its faces are simplices. 
A polytopal complex is called a subcomplex of a polytopal complex ’ia if all faces of ‘la' are 
also faces of For a polytopal complex the star of v in ‘i^, denoted by star(r;,^), is the 
subcomplex of consisting of all faces that contain v, and their faces. The link of v, denoted by 
'if/v, is the subcomplex of star(r;,'^) consisting of all the faces of star(u,‘^) that do not contain 
V. 

A d-polytope P, together with all its faces, forms a d-complex, denoted by ^(P). The 
polytope P itself is the only maximal face of ^{P), i.e., the only facet of ^{P), and is called 
the trivial face of ^(P). Moreover, all proper faces of P form a pure (d- l)-complex, called the 
boundary complex ‘tf{dP), or simply dP, of P. The facets of dP are just the facets of P. 

For a (d - l)-complex its /-vector is defined as /(‘^) = {f-i, fo, fi, ■ ■ ■, fd-i)^ where 
fk = fk{^) denotes the number of /c-faces of P and /_i(‘^) := 1 corresponds to the empty face 
of From the /-vector of ^ we define its h-vector as the vector h{'W) = (/iq, /ii,..., hd), where 
hk = hk{^) := 0 < < d. 

Denote by T a generic subset of faces of a polytopal complex and define its dimension 
dim(T) as the maximum of the dimensions of its faces. Let dim(T) = d - 1; then we may define 
(if not already properly defined), the d-vector h{y) of y as: 

ht(y) = E(-i)'‘-‘((r()/.-i(r). (2.1) 
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We can further define the m-order g-vector of y according to the following recursive formula: 


m = 0, 

[9 k {y)-9k^i (y), m>0. 


( 2 . 2 ) 


Clearly, g^'^\y) is nothing but the backward m-order hnite difference of h(y)] therefore: 

\y) = fl{-'^yi'^]hk-i{y), k,m>0. (2.3) 

i=o V * / 


(m), 

9 k ' 


Observe that for m = 0 we get the h-vector of 3^, while for m = 1 we get what is typically dehned 
as the S'-vector. 

The relation between the /- and h-vector of y is better manipulated using generating func¬ 
tions. We dehne the /-polynomial and /i-polynomial of T as follows: 


f(3^;i) = * = fs-i + f5-2t + -- + f-it\ h(T;t) = * = hs + hs-it + --- + hot 


S-i 


i=0 


1=0 


where, we simplihed fi{y) and hi{y) to fi and hi. In this set-up, the relation between the 
/-vector and /i-vector (cf. (2.1)) can be expressed as: 


f(T;t) = h(T;i + 1), or, equivalently, as h(T; i) = f (T; i - !)• (2.4) 


2.1 The Cayley embedding, the Cayley polytope and the Cayley trick 

Let Pi, P 2 ,..., Pr be r d-polytopes with vertex sets 'fi,'f 2 , ■ ■ ■,%, respectively. Let eg, ei,..., 
Br-i be an affine basis of and call gi ■ x the affine inclusion given by 

gi{x) = (cj, x). The Cayley embedding C(Ti, T 2 ,..., T(.) of the point sets Ti, T 2 ,..., T). is dehned 
as C(Ti, 1 ^,..., 1 ^) = \Si=igi{yi). The polytope corresponding to the convex hull conv(C(Ti, 
T 2 ,..., %)^ of the Cayley embedding C(Ti, 1 ^,..., %) of Ti, 1 ^, ■ ■ ■,% is typically referred to 
as the Cayley polytope of Pi, P 2 ,..., 

The following lemma, known as the Cayley triek for Minkowski sums, relates the Minkowski 
sum of the polytopes Pi, P 2 ,..., P^ with their Cayley polytope. 

Lemma 2.1 ([12, Lemma 3.2]). Let Pi, P 2 ,..., P,. be r d-polytopes with vertex sets Ti,"^,..., 
% <= Moreover, let W be the d-flat defined as {^ei h— + ^e,.} x c x Then, the 
Minkowski sum Pj-,,] has the following representation as a section of the Cayley embedding C(Ti, 

P[,] =C(Pi,p 2 ,...,l^r)nW 

:= |conv{(ei,Uj) | 1 < i < r} n IT : (ei,Uj) e C(Ti, > 2 ,..., T^), 1 < i < r|. 

Moreover, F is a facet of P^j.] */ only if it is of the form F = F' nW for a facet F' of Cfifi, 
1 ^,..., 1 ^) containing at least one point (e,, Uj) for all 1 < i <r. 

Let C[,.] be the Cayley polytope of Pi,P 2 ,... ,Pr, and call the set of faces of C[,.] that 
have non-empty intersection with the d-hat W. A direct consequence of Lemma 2.1 is a bijection 
between the (k - l)-faces of IT and the (fe - r)-faces of F[r]i for r<k<d + r-l. This further 
implies that: 

fk-i{^[rl) = fk-r{P[rl), for all r </c < d + r - 1 . (2.5) 

In what follows, to keep the notation lean, we identify V) with its pre-image Fi. For any 
0 c P c [r], we denote by Cr the Cayley polytope of the polytopes P* where z e P. In particular, 
if P = {z} for some z e [r], then Cjjj = P*. We shall assume below that Cj-,,] is “as simplicial 
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as possible”. This means that we consider all faces of to be simplicial, except possibly for 
the trivial faces 0 c i? c [r]. Otherwise, we can employ the so called bottom-vertex 

triangulation [16, Section 6.5, pp. 160-161] to triangulate all proper faces of except for the 
trivial ones, i.e., {Cn}, 0 c R c [r]. The resulting complex is polytopal (cf. [4]) with all of its 
faces being simplicial, except possibly for the trivial ones. Moreover, it has the same number of 
vertices as while the number of its A;-faces is never less than the number of /c-faces of 

For each 0 c R c [r], we denote by Tr the set of faces of Cr having at least one vertex 
from each Vi, i ^ R and we call it the set of mixed faces of Cr. We trivially have that .Tjj} e 
dPi- We dehne the dimension of Pr to be the maximum dimension of the faces in Pr, i.e., 
dim(.Tij) = maxi?gj?r^ dim(T) = d + \R\ - 2 . Under the “as simplicial as possible” assumption 
above, the faces in Pr are simplicial. We denote by JCr the closure, under subface inclusion, of 
pR. By construction, ICr contains: (1) all faces in Pr, (2) all faces that are subfaces of faces in 
pR, and (3) the empty set. It is easy to see that JCr does not contain any of the trivial faces 
{C 5 }, 0 c S ^ R, and thus, JCr is a pure simplicial (d + \R\ - 2 )-complex. It is also easy to verify 
that 

fk{JCR)= Y. h{Ps), -l<J^<d + \R\-2, (2.6) 

0(^S£R 

where in order for the above equation to hold for Jt = -1, we set f-i(Ps) = (-1)1'^!“^ for all 
0 c S <= R. In what follows we use the convention that fk{pR) = 0, for any A: < -1 or fe > d+\R\- 2 . 

A general form of the Inclusion-Exclusion Principle states that if / and g are two func¬ 
tions dehned over the subsets of a hnite set A, such that f{A) = E 0 cBca 5 '(-®)) then g{A) = 

[9) Theorem 12.1]. Applying this principle in (2.6), we deduce that: 

fk{PR)= E (-1)"""'^'/a:(^5), -l<J^<d + \R\- 2 . (2.7) 

0(^S£R 

Ill the majority of our proofs that involve evaluation of /- and /i-vectors, we use generating 
functions as they signihcantly simplify calculations. The starting point is to evaluate t{JCR-,t) 
(resp., i{pR-,t)) in terms of the generating functions f{Ps',t) (resp., i{JCs',t)), 0 ^ S ^ R, ioi 
each hxed choice of 0 c i? c [r]. Then, using (2.4) we derive the analogous relations between 
their /i-vectors. 

Recalling that dim(/Cij) = d + \R \-2 and dim(.F 5 ) = d + |S| - 2 we have: 

fc=0 fc=0 0cS^R /„ qs 

5sR fc=0 0 cSsR 

Rewriting the above relation as t~^^^f(JCR-, t) = T, 0 cS£R (-^ 5 ; t) and using Mobious inversion, 
we get: 

f{PR-,t)= E (-l)'^'"'^'t''^'"'^'f(/C 5 ;t). (2.9) 

0cS£R 


Setting t := t - 1 in (2.8) we have: 

h{JCR-,t) = f{JCR-,t-l) = E (t - (d^sU - 1) 

0cS£R 

0(^S£R 0(^S£R 

^We denote by {Cr} the polytope Cr as a trivial face itself (without its non-trivial faces). 


( 2 . 10 ) 
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And similarly, from (2.9) we obtain: 

H^R-,t)= Y. ( 2 . 11 ) 

0cS^R 

Comparing coefficients in the above generating functions, we deduce that: 


hk{lCR)= Y 

for all 0 < /c < d + 72 - 1 , and 

( 2 . 12 ) 

0cS£R 



hk{PR)= Y (-l)""‘""5r'‘'^'^(/C5), 

for all 0 < A: < d + 72 - 1. 

(2.13) 


0 cSsR 


3 The construction of the auxiliary simplicial polytope Q[r]- 

The non-trivial faces of the Cayley polytope C[r] of Pi,...,Pr are the faces in each Pji, 0 c 
R c [r] as well as all trivial faces {C/?} with 0 c R c [r]. Since the latter are not necessarily 
simplices, the Cayley polytope C[^] may not be simplicial. In order to exploit the combinatorial 
structure of C[^], we add auxiliary points on C[^] so that the resulting polytope, denoted by Q[r], 
is simplicial. 

The main tool for describing our construction is stellar subdivisions. Let P c be a 
d-polytope, and consider a point yp in the relative interior of a face F of dP. The stellar 
subdivision st{yF,dP) of dP over F, replaces F by the set of faces {yF,F'} where F' is a non¬ 
trivial face of T. It is a well-known fact that stellar subdivisions preserve polytopality (cf. [5, 
pp. 70-73]), in the sense that the newly constructed complex is combinatorially equivalent to a 
polytope each facet of which lies on a distinct supporting hyperplane. 

Our goal is to triangulate each face {Cp}, 0 c Rc [r], of C[r] so that the boundaries of the 
resulting complexes, denoted by Qg, 0 c S [r], are simplicial polytopes. We obtain this by 
performing a series of stellar subdivisions. First set Qg ■= Cg, for all 0 c 5 g [r]. Then, we add 
auxiliary vertices as follows: 


for s from 1 to r - 1 

for all S c [r] with IS"! = s 

choose yg e relint(Q^) (3-1) 

for all T with S' c T c [r] 

Qt ■= st{yg, Qt) 

The recursive step of the previous definition is well defined due to the fact that for any fixed 
s, the order in which we add the auxiliary points yg is independent of the S chosen, since the 
relative interiors of all Qg with |S| = s are pairwise disjoint. At the end of the s-th iteration, 
the faces of each Qp of dimension less than d + s - 1 are simplices. At the end of the iterative 
procedure above, and in view of the fact that stellar subdivisions preserve polytopality, the above 
construction results in simplicial (d + |i?| - l)-polytopes Qp, for all 0 c i? c [r]. 

The following two lemmas express the faces of dQn in terms of the sets Pg, JCg, 0 c S ^ R, 
and the auxiliary vertices added. Unless otherwise stated, all set unions are disjoint. 

Lemma 3.1. For 0 c Rc [r], the non-trivial faces of the simplicial polytope Qr are: 


dQR= U U {vsi,ys2^ - ■ ■ U {vsi,ys2^ - ■ ■ PSf}, 


0<zS£R 


0cScR 
5c5ic52c-c5£ci? 


0c5ic52C-"C5£C/? 


(3.2) 


where , yg .^,..., yg ^^, Pg} is the set of faces formed by the vertices yg .^,..., yg^ and a face in 

:Fg. 
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Proof. We use induction on the size of \R\, the case \R\ = 1 being trivial. We next assume that 
our result holds true for |i?| = p and we prove it for \R\ = p + 1. 

When \R\ = p + 1 the recursion in (3.1) coincides with that of the case \R\ = p, until the last 
but one step, i.e., when s - p-1. Thus, before doing the last recursion, we have: 

(a) By induction: 


dQs'= U •^5 U {ysi,ys2,---:yse,^s} U {ysi,ys2^---^ysA^ 

0<zSqS' 0 cScS' 0c5ic52C---c5£c5' 

5c5ic52C-"cS£c5' 

for all 0 c S' '= R with |5^| < p - 1. 

(b) By our construction, the faces in DQr are: 

1 ) faces in each dQ^r, = p - 1 , 

2 ) the (trivial) faces {Qr'} for |i?'| = p - 1 , and 

3) faces in Pr. 

The faces in (b.l)-(b.3) are not necessarily disjoint. However, using (a) we can write them 
disjointly as follows: 


dQR= U U {ysi,ys2^---^yse,^s} U {ysi,ys2^---^yse} U { 2 s’}- (3-3) 


0 cSc_R 


0cScR 

5c5ic52C-"c5£c7? 

|S|<P-1 


0c5ic52C-”cS£cJ?, 
|S|<P-1 


|S|=P-1 


The faces in (3.3) that will be stellarly subdivided in the last recursion of (3.1) are all in some 
{Qs} with liSI = p - 1. These, will be replaced by: 

U( U {ys,^x} U {ysi,ys2,---,yse,ys,^x} U {ysi,ys2i---,ysi,ys}]- (3.4) 

0oXoS 0cSic52c.-.cS,cS / 

I C|__ „ .A CijC02C'”C'->£Co 


Combining (3.3) and (3.4) and recalling that |i?| = p + 1 we conclude that indeed 

dQR= U U {ysi,ys2>---^yse,^s} U {ysi,ys2,---,yse}- □ 

0cS£i? „ „ 0cSicS2c...cS',cii 

OCOlC52C-"CO£Ci-f, 


Lemma 3.2. For 0 c Rc [r], the non-trivial faces of the simplicial polytope Qr are: 

dQR = JCR (J {ysi,ys2^---^yse,f^s}- (3-5) 

0c5ci? 

S= 5 ic 52 C-cS£ci? 

Proof. Recall that the faces of ICr are all faces in U 0 c 5 c_r.T 5 together with the empty set. We 
can therefore write the right-hand side of (3.5) as: 


U U {2/Si ,2/S2) • ■ -^ySe, U ^S'} U {2/Si ,2/S2) • ■ -^ySe} 

0c5'£5 


0oS<^R 0 cScR 

^ ‘J—tt S=SicS 2 C-cSicR 


0cScR 
5=5ic52C-c5£ci? 


U U {ysi,ys2,---:yse,^s'} U {ysi,ys2^---:yse} 


0oS^R 0cS'^ScR 

~ S'cS=SicS2C-cSecR 


0cScR. 
5=5ic52C-c5£c7? 


= U U {ysi,ys2,- ■ ■ ,yse,^s'} U {ysi,ys2,---,yse}^ 

0c5ci? 


0cS'cR 

S'^SicS 2 ^---^SicR 


0cScR 
5 = 5 icS 2 C---c 5 £ci? 


which is precisely the quantity in (3.2) and thus equal to the set of faces of OQr. □ 

The next lemma shows how the iterated stellar subdivisions performed in (3.1) are captured 
in the enumerative structure of Qr. 
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Lemma 3.3. For any 0 c i? c [r] and -1 < k < d+\R\-2, we have: 


/\R\-\s\ \ 

fk{dQR) = fk{RR)+ E E > (3-6) 

0cScR y i=0 ) 

/\R\-\s\-i \ 

fk{dQR) = MJCR)+ E E (* + 1)!^|rhs|/a:-i-.(^s) , (3.7) 

0c5c_R \ 1=0 j 

where are the Stirling numbers of the seeond kind [20]: 

Proof. To prove (3.6), we count the {k + l)-element subsets of the set in relation (3.2) of Lemma 
3.1. This gives: 


\R\-\S\ 

fk{dQR)= E A(-^r)+ E E l{‘5£5icS2c...c5ici?}|A_,(J-5) 

0cS£R 0(zScR i=l 

\R\-\S\ 

= E fki^R)+ E E ^\R\-\S\i^F)fk-ii^s) 

0cS£R 0cScR i=l 

|R|-|S| 

= E E E 

0<^S£R 0cS<^R i=l 

\rtl-\sl 

‘MFr)* E E 

0(zSoR i=0 


(3.8) 

(3.9) 

(3.10) 

(3.11) 


where, 

• the value i = k + 1 in (3.8) combined with the fact that f-i(Fs) = counts precisely 

the elements in IJ {y^u 2/52) • • • > 2/S«} relation (3.2) of Lemma 3.1 via inclusion 

0c5ic52C-"c5£cH 

exclusion, 

• to go from (3.9) to (3.10) we used Lemma A.l(ii), and 

• from (3.10) to (3.11) we used the fact that = 1 for all m > 1. 

To prove (3.7), we utilize Lemma 3.2: 


IRHSI 

fkidQR) = MJCr) + E E \{S = SicS 2 c-cSicR}\f,_,{JCs) 

0(zS<^R i=l 




fk{JCR)+ E 

E ^\R\-\S\{0F) fk-i{)Cs) 

(3.12) 

0cScR 

i=l 



\rt\-\sl 


fk{iCR)+ E 

0(zS<^R 

E i!SfH|-|s|A-.(Ks) 

i=l 

(3.13) 


\R\-\S\-1 

= fk{JCR)^ E E (i + l)!Sf)jf_| 5 |A_._i(/Cs), 

0cScR i=0 


where, to go from (3.12) to (3.13) we used Lemma A.l(i). □ 

Restating relations (3.6) and (3.7) in terms of generating functions, we arrive at Lemma 3.4. 
These relations will be used to transform (3.6) and (3.7) in their h-vector equivalents. 


8 


Lemma 3.4. For all 0 c Rc [r] we have: 


|i?|-|5| 

f{dQii-,t) = f{FR-,t)+ Y. E (3-14) 

0tzScR i=0 

|i?|-|5|-2 

f{dQR;t) = f{)CR;t)+ Y E + (3-15) 

0<zS<^R i=0 

Proof. Using relation (3.6) and recalling that dini(5Q/j) = d + \R\ - 2, we have: 


(i+|R|-l 
fc=0 

d+|R|-l /|fl|-|S'| \ 

fc=0 k=0 0cScR y 2=0 / 

\R\-\S\ d+|R|-l 

= f(^H;4)+ Z Z “'Sm-ISKi*''*'-'®'-' Z A-.-i(^s) 

0<zS<zR i=0 k=0 

|/?|-|5| d+\S\-l+i 

= f(^H; 0 + Z Z z A-.-i(^s) 

0cScR 2=0 k=i 

|R|-|S| d+|5|-l 

0c5'ci? i=0 k=0 

|iJ|-|S| 

= f{FR-,t)+ Y E 

0<zS<zR 2=0 

Analogously, converting (3.7) into its generating function equivalent, we get: 


-l-k-\-i 


-1-fc+i 


l-k 


i{dQR;t) 

d+|i?|-l 


(i+|H|-l /|R|-|5|-1 


= E fk-i{K.R)&\^\-^-^ + E E E (i + l)!5SHs|A-i-(^5) 


l-k 


|iJ|-|S| 

fe=0 0cA'c« \ 2=0 

|i?|-|S|-l (i+|R|-l 

0cScR 2=0 k=0 

|R|-|S|-1 d+\S\-l 

0(zS(zR fc-0 

\R\-\S\-i 

= f{ICR-,t)+ Y E + 

0cScR 2=0 

where, in order to go from the third to the fourth line, we changed variables (in the last sum) 
and we used the fact that fk-i{^s) = 0 for A: > d + [S'! - 1. □ 

The h-vector relations stemming from the /-vector relations above are the subject of the 
following lemma. 

Lemma 3.5. For all 0 c Rc [r] we have: 


\R\-\S\-1 

E ^\R\-\S\^^ 

j=0 

(3.16) 

l«|-|S|-l . 

j=0 

(3.17) 
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where are the Eulerian numbers [1, 10]: 


El = E(-ir r ^ m > + 1 > 0. 

i=o V ^ / 

Proof. Using (2.4), (3.14) and the symmetry of Eulerian numbers, we get: 
h{dQR]t) = f{dQR]t-l) 

\R\-\S\-1 

= f{ER-,t-i)+ E E 

0c5cH i=0 

cf. (A.3) 

\R\-\S\-1 

= HER-,t)+ E E 

0cScR j=0 

\R\-\S\-1 

0cScR j=0 

|iJ|-|S|-l . 

= HER-,t)+ E E Ej P^^hiEs;t). 

0cScR j=0 

Analogously, using (2.4), (3.15) and the symmetry of Eulerian numbers, we deduce that: 
h(5Qij;t) = i{dQR;t-l) 

\R\-\S\-2 

= f(/C«;t-l)+ E E + 

0tzScR 1=0 
\R\-\S\-2 

= h{ER;t)+ E E (i + l)!5f;ef_|5|(t-l)I^HS|-h(/C5;t) 

0<zScR i=0 


cf. (A.4) 

\R\-\S\-2 

= h(/c^;t)+ E E 

0tzScR i=0 

\R\-\S\-2 

= h(rH;«)+ S S 

0cScR i=0 

\R\-\S\-2 

= h(/C«;t)+ E E E\^^_^s\t'HEs;t). □ 

0cS<zR 1=0 

4 The Dehn-Sommer vile equations 

A very important structural property of the Cayley polytope Cr is, what we call, the Dehn- 
Sommervile equations. For a single polytope they reduce to the well-known Dehn-Sommerville 
equations, whereas for two or more summands they relate the /i-vectors of the sets Tr and JCr. 
The Dehn-Sommerville equations for Cr are one of the major key ingredients for establishing 
our upper bounds, as they permit us to reason for the maximality of the elements of H^Er) and 
H^JCr) by considering only the lower halves of these vectors. 

Theorem 4.1 (Dehn-Sommerville equations). Let Cr be the Cayley polytope of the d-polytopes 
Pi,i e R. Then, the following relations hold: 

t^^^^^-\iER-,\) = hilCR-,t) (4.1) 
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or, equivalently, 


(4.2) 


h-d+iRi-i-ki^n) = hkiJCn), 0 < /c < d + |i?| - 1. 

Proof. We prove our claim by induction on the size of R, the case \R\ = 1 being the Dehn- 
Somerville equations for a d-polytope. We next assume that our claim holds for all 0 c S' c i? 
and prove it for R. The ordinary Dehn-Somerville relations, written in generating function form, 
for the (simplicial) (d + \R\ - l)-polytope Qr imply that: 

h{dQR-,t) = P^^\^\~\{dQn;l). (4.3) 

in view of relation (3.16) of Lemma 3.5, the right-hand side of (4.3) becomes: 

\R\-\S\-1 

0oSoR j=0 

Using relation (3.17), along with the induction hypothesis, the left-hand side of (4.3) becomes: 

\R\-\S\-i . 

h(/Cij;t)+ Y. E ^\R\-\s\^^^(^s;t) (4.5) 

Q}<^S<^R j=0 

= h{icR-t)+ Y E (4-6) 

0cScR j=0 

= h(K„;t)+ Z 

0cScR j=0 

|R|-|S|-1 

= HJCR;t)+ Y E (4.7) 

0<zScR j=0 

where to go from (4.5) to (4.6) we changed variables and used the well-known symmetry of the 
Eulerian numbers, namely, for all m > A: + 1 > 0. 

Now, substituting (4.4) and (4.7) in (4.3), we deduce that 4) = h(JCR;t), which 

is, coefficient-wise, equivalent to (4.2). □ 


5 The recurrence relation for h{fFji) 

The subject of this section is the generalization, for the /i-vector of Er, 0 c ii c [r], of the 
recurrence relation 

{k+ l)hk+i{dP) + {d-k)hk{dP) <nhk{dP), t)<k<d-l, (5.1) 

that holds true for any simplicial d-polytope P a This is the content of the next theorem. 
Its proof is postponed until Section 5.6. In the next hve subsections we build upon the necessary 
intermediate results for proving this theorem. 

Theorem 5.1 (Recurrence inequality). For any 0 c 72 c [r] we have: 

hk+i{ER) < — --J-J- + E 7rE'dfc(d^R\{j}), 0<k<d + \R\-2, (5.2) 

A; + 1 i,Rk + l 

where: (1) nR = ZieRni, = 0, and, (2) gkiE^) = gk{0>) = 0, for all k. 
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5.1 Relating the /i-vector of Qujv with the /i-vectors of TrIv and ICrIv 

For any 0 c i? c [r], let Vr '■= We define the link of a vertex v € Vr in J^r as the 

intersection of the link JCrIv with Tr. The following lemma relates the h-vector of QrIv with 
the /i-vectors of J-rIv and ICrIv. 

Lemma 5.2. For any v e Vr we have: 


|R|-|S|-1 

h{dQRlv,t) = h{J='Rlv;t) + X! E ^R\-\s\*^^^H^s/v,t), 

j=0 


and 


|R|-|S|-1 

h{dQRlv;t) = h{)CRlv,t) + ^ ^ E^^j^._.^Fh{ICs/v,t). 

{dsscR j=o 

Proof. Let ns hx some v €Vj, j € R. In view of relation (3.2) in Lemma 3.1 we can write: 

dQRlv= IJ Fs/v U {ysi,ys2:---:yse,^s/v}, 

0<ZS<^R 0cScR 

5cSic52c-c5£ci? 


(5.3) 


(5.4) 


(5.5) 


where it is nnderstood that both Fs/v and {ysi,ys 2 y ■ ■ ■ FSej^slv} are empty if n ^ V 5 . Taking 
this into acconnt, we simplify (5.5) as follows: 

dQRlv= IJ Fs/v J {ysi,ys 2 ,---,yse,^s/v}. (5.6) 


{j}cScR 


{j}£ScR 

S£SicS2‘^---'^Se^R 


Since each anxiliary point of a face in {ysi,ys 2 i ■ ■ ■ FSf^^sjv} increases the dimension by one, 
from (5.6) we can write : 


\R\-\S\ 

fkidQRlv)= Y. fki^slv)+ EE E fk-^i^s|v). 

{jj^SzR {jj^ScR i=l S5SicS2<^--cSicR 

In view of Lemma A.l(i) the above can be written as: 


fkidQRlv) 


\R\-\S\ 

E fk{^s/v)+ Y E 

blEScR {jVS<zR i=l 

\R\-\S\ 

fk{:FRlv)+ Y E i'■S\^RUs\.lfk-^i^s/v), 

{j}£S<zR i=0 


where in the last step we nsed the fact that = 1 for all m > 1 . 

Recalling that dim(.F 5 /n) = d + |S| - 3 and converting the above relation into generating 
function we get: 


\R\-\S\ 

f{dQRlv,t) = f{FRlv,t)+ Y E (5.7) 

{jVS<zR i=0 

We thns have: 

h{dQRlv;t) = f{dQRlv;t-l) 

. , , , , . 

= f{FR/v;t-l)+ Y E ^ 

{j}£S<zR i=0 
|R|-|S| 

{j}£S<zR i=0 
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(5.8) 


\R\-\S\ 

= h{TRlv;t)+ Z E 

{j}£ScR i=0 

|i?|-|S|-l 

= h{Tiilv;t)+ Y. E 

blcSci? J=0 


(5.9) 


|R|-|S|-1 

= HERlv;t)+ Y E E^\R^JI^s\~^~H^^^-^^^-^h{Ts/v-,t) 

{i}cSci? j=0 

|R|-|S|-1 , 

= hiTRlv,t)+ Y E E^ E^^hiTs/v,t), 

{i}cSci? i=o 

where to go from (5.8) to (5.9) we used relation (A.3) from Lemma A.2. 

Let us now turn our attention to relation (5.4) . In view of (3.5) of Lemma 3.2 we have: 

dQRlv = }CRlv IJ {ysi,ys2:---,ySi,Es/v}, 

blESci? 

S=SicS2c-<zSecR 


which in turn gives 


\R\-\s\ 

fkidQR/v) = fki^Rlv) + E E E fk-iiEslv) 

{j}5ScR i=l S=Sic52i=...cSiC_R 

\R\-\s\ 

= fk{ERlv)+ Y E i'-S\R^_^sifk-i{Eslv) 

{j}sS<zR i=l 

\R\-\S\-1 

= fk{ERlv)+ Y E (^ + l)!5[+[_|5|A-.-i(/C5^). 

{j}£ScR i=0 

Recalling that dim(/C 5 /n) = d+|S'|-3 and converting the above relation into generating function, 
we get: 

IRHSI-l 

f(dQR/v;t) = f(/CR/v;t)+ Y E (* + 1)! f (5-10) 

{j}£ScR i=0 


which further implies that 

h(9Qij/n;t) = f(dQR/v;t- 1) 


|R|-|S |-1 
{j}£SoR i=0 

(5.11) 


|R|-|S|-1 

= h(/CK/n;t)+ ^ ^ ii;f^|_|5|tl^H5|-i-*h(/C5/n;t) 

{j}£ScR j=0 

|ii|-|S|-l 

= h(/CK/w;t)+ Y E 

{j}£ScR j=0 

|iJ|-|S|-l 

= h(/CR/n;t)+ Y E E^^,_,g,fh(/Cs/v;t), 

{jjsScR j=o 


(5.12) 


where to go from (5.11) to (5.12) we used (A.4) from Lemma A.2. 


□ 
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5.2 The link of ys in OQr 


Our next goal is to find an expression analogous to those of Lemma 5.2, but now involving links 
of type dQnjys, where 0 c 5 £ i?. To do this, we hrst need to express fk{dQjilys) in terms of 
sums of fi{J-x) with i < k and X ^ S. This is the content of the next Lemma. In order to state 
it we need to introduce a new set. Let X T c R and £ be a positive integer. We dehne the set 


V{R, T, X, £) := {{Si,Se) ■■ X c Si c S 2 c - c Se c R and Si = T for some 1 < i < ^}, (5.13) 
and denote by D{R,T,X,i) its cardinality. 

Lemma 5.3. For every 0 c S c R we have: 

\R\-\X\ 

i{dQRlys-,t) = E E D{R,S,X,e)t^^\-\^\-^f{Fx;t). (5.14) 

0 cXcS ^=1 

Proof. First of all, notice that, in view of relation (3.2), if we denote by ys * dQji the set of all 
faces in SQr containing ys, we have: 


ys*dQR= IJ {ysi,ys2,---:yse,^x}- 


0cXcS 
X£SicS2^---^SicR 
Si = S (or some l<i<i 


Then clearly, 

fk{dQR/ys) = fk+i{ys * QQr) = EE E fk-e+i{^x) 

0CXCS £=1 XcS'icS'2C-cS^ciJ 

Si=^S for some l<i<l 

\R\-\X\ 

= E E D{R,S,X,i)fk-ui{Tx). 

0cXcS l=l 

Using the fact that dim{dQ/ys) = d+\R\-3 and rewriting in terms of generating functions, the 
above becomes: 

(i+|R|-|S|-l \R\-\X\ 

f{dQRlys;t)= E E E D{R,S,X,£)fk-e^i{Fx)t^^^^^-^-’^ 

k=0 0(zX5S l=\ 

fc=0 0cXqS i=l 

|i?|-|X| d+|R|-|S|-l 

0 cxcs e=i k-(.+i=\x\-\R\+i 

|R|-|X| rf+|R|-|5|-l 

= E E D(i?,5,X,£)tl^H^I-^ E 

0cjs:cs 1=1 j=o 

|i?|-|X| (i+|R|-|X|-l 

= E E ^{R,s,x,£)t\^\-\^\-^ E 

0cXcS t=i j=0 

|R|-|X| 

= E E o{R,s,x,e)t^^^-^^^-^f{Fx;t). □ 

0cXqS 1=1 

Converting relation (5.14) of the above lemma to its /i-vector equivalent we get: 
h(«9QH/ysU) = i{dQRlys',t-i) 


= E E ^{R,S,X,£){t-l)\^\-\^\-^\i{Tx-,t). 

0cjs:c5 i=i 


(5.15) 


The following lemma expresses the sum of the /i-vectors of the links QRjys to the h-vectors 
of the sets Xx- 
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Lemma 5.4. For every 0 c i? c [r] we have: 


\R\ 

S HdQKlys-,t)‘ E (5.16) 

0c5c_R 0cXcRj=O 

Proof. By means of relation (5.15), the sum T, 0 <zScR^{dQRlys',t) is equal to: 

\R\-\X\ 

^ ^ D{R, S, X, e){t - i) 

0cXc5ci? £=1 
IRI 

£=10cXcRXc5ci? 

Ii?l 


(5.17) 

(5.18) 


£=1 0<zXcR 

iim 

= E E«! 

0cXciJ \£=0 

/\R\ 

- E E(^ 

0cXcR\i^O 




\R\ |i?| 

+1)« Sw-|x|rt(‘ - - E S|HHXI*1(‘ - 1)'"'-'""'-' I t) 


(5.19) 


/ \R\ l-RI \ 

= E (5-20) 

0cXcR\j=O i=0 / 


'J 

\R\ 


E E(EfR|-|.vKi -®/rhx|)(*- 


0<zXizR j^O 


where, to go from (5.17) to (5.18) and from (5.19) to (5.20) we used Lemma B.2 and Lemma A.2, 
respectively. □ 

5.3 Links and non-links 

The following theorem generalizes Lemma B.l in the context of Cayley polytopes. 

Theorem 5.5. For any 0 c i? c [r], 


{d+\R\-l)h{Fii;t) + {l-t)h\FR-,t)= ^ h^XnlvR), 

V€Vr 


(5.21) 


where Vr = Ui^RVi. 


Proof. We proceed by induction on the size of R. The case \R\ = 1 is considered in Lemma B.l. 
Assume now that (5.21) holds for all 0 c 5 c 72. By applying Lemma B.l to the simplicial 
polytope Qr we have: 

{d + \R\-l)h.{dQR]t)+ {l-t)h\dQR-,t) = ^ h{dQRlv;t). (5.22) 

viveTt(dQji) 


Recall from Lemma 3.5 that: 




HdQR-,t) = HTR-t)+ ^ ^ 


0c5c_R j=0 

Multiplying both sides of (5.23) by d + |ii| - 1 we get: 
(d+|R|-l)h(dQ;t) = 


(5.23) 
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\R\-\S\-1 

{d+\R\-i)h{TR-,t) + {d+\R\-i) Y. E 

0cScR j=0 


Differentiating both sides of (5.23) and multiplying by (1 - 1) we get: 

{1 - t)h'{dQR]t) = {1 - t)h'{J^R-,t) 

\R\-\S\-1 

0cScR j=0 

|it|-|S|-l . 

0cSciJ j=0 

Summing up the above two relations and using Lemma B.2 for the (d + \R\ - l)-polytope Qr, 
we conclude that the right-hand side of (5.22) is equal to: 

{d+\R\ - l)h{dQR-,t) + {1 - t)h’{dQR;t) 

= {d+\R\-l)h{TR-,t) + {d+\R\-l) Y E 

0cScR j=0 

\R\-\S\-1 

+ {i-t)h'{TR-,t) + {i-t) Y E 

0cScH j=0 

\R\-\S\-1 

+ (!-*) Z Z 

0 cScR jr = 0 

|R|-|5|-1 , 

= A+ ^ ^ (d + |5|-i)ii;f 

0oSi^R j=0 

|R|-|S|-1 

+ Z Z j Ej’Hnsi*' 

0cScR j=0 

IRHSI-1 

+ Y Y (|i?|-|5|-j)i5^V|5|t'^'-'^'-^-'h(.Fs;t) 

0cSci? j=0 

|it|-|S|-l 

+ (i-t) ^ ^ 

0cScR j=0 

where A = (d+\R\- l)h(.FR; t) + (1 - t)h'(TR] t). In order to use our induction hypothesis, we 
regroup the terms of the above expression as follows: 

|K|-|S|-1 / \ , 

E E (d + |5|-l)h(J-5;t)-(l-t)h'(.^5;t)p^^^^^^ 

0cSc_R j=0 \ / 

|i?|-|S|-l/ \ 

0cScR j=0 \ / 


Using the well known recurrence relation for the Eulerian numbers (cf. [10]): 

Eln = {rn- i) + (i + 1) 

and the induction hypothesis, the above expression simplifies to: 

|R|-|5hl 

-4+ Z Z Z 

0cSc_R j=0 veVs 

0cScR j=0 \ / 


(5.24) 
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Since the vertices of Qr are either vertices of some polytope Pi,i e R, or auxiliary points ys, 
0 c S <= R, we split the sum in the right-hand side of (5.22) as follows: 


E h{dQRlv,t)= Y, h{dQRlv;t)+ Y 

vevert{dQ^) S<^R 

Using relations (5.16) and (5.3), the right-hand side of the above equation is equal to: 

\R\-\S\-i . 

YH^R/v;t)+Y E E 

veVji iiR {i}cScR j=0 

B 

\R\ 

0(zX<zR i=0 
|R|-|S|-1 . 

= E E E EJ R^^hiRs/v;t) 

0<zScRv^Vs i=0 
\R\ 

0cXc_R £=0 

\R\-\S\-l 

0cScRveVs j=0 . ( 

\R\-\S\ 

+ ^ '''Y\EiS-\x\.i-E\S-\x\)i^^^^^^ ( 5 - 25 ) 

0(zX(zR i=0 

Equating (5.24) and (5.25) we conclude that A = B, which is precisely relation (5.21). □ 

Comparing coefficients in (5.21) we conclude the following: 

Corollary 5.6. For any 0 c i? c [r] and all 0 < k < d + \R\ - 2 we have: 

{k + l)hk+i{ER) + {d + \R\-l- k)hk{FR) = Y ^ki^Rlv), (5.26) 

v^Vr 

or equivalently 

{k + l)hk^^{FR) + {d + \R\-l-k)hk{FR)= Y (-1)'^'"'^' E (5-27) 

0(^S£R viVs 

where Vy = 

Proof. Relation (5.26) is immediate from (5.21); it suffices to compare the coefficients of the 
generating functions of left- and right-hand sides of (5.21). 

To go from (5.26) to (5.27) we use the Inclusion-Exclusion principle, and notice that KLsjv 
is the empty set for v i JCg'- 

E htiraM = y y (-i)i«H"i9rnsi)(x:s/„) 

viVji b^Vr 0cSqR 

= Z (-l)'"'-'”' Z sf “'““(Ks/o) 

0<zS£R veVR 

= Z Z 9r'‘'““('=s/0. □ 

0<zSqR V€Vs 
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5.4 Using shellings to bound the ^f-vectors of links 

The main result of this subsection is Theorem 5.13, which is essential for proving the recursive 
relation in Theorem 5.1. Before proving it, some more lemmas are in order. The hrst two (Lem¬ 
mas 5.10 and 5.11) concern inequalities of h-vectors, which are proved using their interpretation 
as in-degrees of the dual graph of shellable simplicial complexes (cf. [13]). The third (Lemma 
5.12) shows that there exists a particular shelling of the polytope dQ_R, for which the previous 
two lemmas are applicable. 

We start with some definitions. 

Definition 5.7. Let C be a pure d-dimensional complex. A shelling of C is a linear ordering 
Fi,... ,Fs of its facets such that either C is 0-dimensional, or it satisfies the following conditions: 

(a) the boundary complex dFi of the first facet has a shelling, 

(b) for 1 < j < s the intersection of the facet Fj with the previous facets is nonempty and is 
a beginning segment of a shelling of the {d- 1)-dimensional boundary complex dFj, that is 
Fj U = Gi u G 2 u ■ ■ ■ u Gr for some shelling Gi,... ,Gr, ■ ■ ■ ,Gt of dFj. 

A complex is shellable if it is pure and has a shelling. 

Definition 5.8. The dual graph 'F^{C) of a shellable simplicial d-complex C is the graph whose 
vertices are the maximal simplices (i.e., facets) and whose edges correspond to adjacent facets. 
If, in addition, we consider a linear ordering Fi,...,Fi of the facets of C, we can impose an 
orientation on the graph 'F^{C) as follows: an edge connecting two facets Fi,Fj is oriented from 
Fi to Fj if Fi precedes Fj in the above order. 

In the case where C is shellable, the h-vector of C encodes information about the in-degrees 
of the dual graph F^ifC). This is the content of the next theorem. 

Theorem 5.9. [13] LetC be a shellable simplicial d-complex and consider the dual graph 'T*(C) 
of C oriented according to a shelling order of the facets of C. Then, hk{C), 0 < k < d, counts the 
number of vertices of the dual graph of C with in-degree k {and is independent of the shelling 
chosen). 

Let S be a shellable simplicial complex and assume that Fi,... ,F£, F^+i,... ,Fs is a shelling 
order of its facets. Let A be the subcomplex of S whose facets are Fi,...,F£. Clearly, A is 
shellable as an initial segment of a shelling of S. Consider now the set B containing all faces in 
S \ A. Notice that B has no complex structure since it contains the facets T)+i ,... ,Fs but not 
all their subfaces. We can however naturally define its /-vector and, since all its maximal faces 
are facets of S, make the convention that dim(B) = dim(S). Moreover, as the following lemma 
suggests, the /i-vector of B admits a combinatorial interpretation. 

Lemma 5.10. /ifc(B) counts the number of vertices in 'F^{S) \ U*(A) of in-degree k. 

Proof. In view of Theorem 5.9 we have that: (i) hk{S) counts the number of vertices of the 
dual graph lC*(S) of S with in-degree k and (ii) hk{A) counts the number of vertices of the 
dual graph '^*(A) of A with in-degree k. However, since the facets in A are an initial segment 
of a shelling of S, their in-degree in U*(A) as well as in U*(S) is the same (the out-degrees 
of vertices in 'F^{A) might be greater when seen as vertices in 'F^{S)). Thus, the difference 
/ifc(B) = /ifc(S) - /ifc(A) counts the vertices in lL*(S) \ T'*(A) with in-degree k. □ 

In the case where S is a simplicial polytope, A a beginning segment of its shelling and B the 
set theoretical difference of their faces, the above interpretation helps us compare the h-vector 
of B with that of its link B/v on v, for any vertex u in B. 

Lemma 5.11. /ifc(S/u) - h}^{Alv) < h}^{S) - hk{K) or equivalently, /ifc(B/u) < hfc(B). 
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Proof. To prove our claim, we use the fact that for any vertex u of a polytope S there exists 
a shelling such that the facets that contain v, i.e., the facets in star(S,u), appear hrst in this 
shelling [22, Corollary 8.13]. Applying Lemma 5.10 for S as well as for S/v we have that: 

• /ifc(B) counts the number of vertices in 'P^(S) \ of in-degree k, 

• /ifc(B/u) counts the number of vertices in 'V^{Slv) \ lC*(A/u) of in-degree k. 

Moreover, since in the above mentioned shellings the link is shelled hrst, the in-degree of a vertex 
in 'P'^{S) \ can only but be greater with respect to its in-degree in 'P^{Sjv) \ T’*(A/u). 

This immediately implies the statement of the lemma. □ 

Using the machinery developed above, we may now show that OQr admits a particular 
shelling, as stated in the following lemma. 

Lemma 5.12. There exists a shelling of dQn starting from facets in UjeR\{i} star(?//j^|j}, 
and finishing with facets in 

Proof. Let us start with some dehnitions: we denote by Z the (d + \R\ - l)-complex we get by 
performing the recursion in (3.1) until the last but one step, i.e., after having added all the 
auxiliary vertices ys with liSI < |i?| - 2. Clearly, the facets of Z are the (d + \R\ - 2)-polytopes 
i ^ well as all facets in iFn. Since Z is polytopal, each line in general position 

induces a shelling order of its facets (cf. [22, Section 8.2]). We will chose a line in such a way, 
so that the induced line shelling of Z leads us (after adding all vertices to the sought-for 

shelling of PQr. 

Notice that, by the dehnition of the Cayley embedding, there exists a hyperplane in 
containing Pi and being parallel to Cj:j^|ij, (and thus to Qij\{i}). We can therefore choose a 
line i beyond yi in Z and intersecting in its interior. This line i yields a shelling S{Z) 

of Z starting from facets in star(yi,.2i) and hnishing with Since the facets in star(yi, 

Z) are nothing but the polytopes i e P \ {!}, the shelling S{Z) starts with all 

i € R \ {!}, (continues with the facets in Fr) and ends with Qrs.{i}- Our next goal is to replace 
each facet in S{Z) by all facets in star(yij^|j},9Q^^|j}), ordered so that the conditions 

in Dehnition 5.7 are satished. 

We do this by induction. If is the hrst facet in the shelling order S{Z) then we 

can replace it by the facets in star(yj:j^| 2 },9Qij^|2}), in any order “inherited” from a shelling of 
dQR\{ 2 }- Without loss of generality, we assume that the facets with 2 < j < i are those 

preceding in the shelling order S{Z). By our induction hypothesis, we have replaced all 

QR\{j} t>y star(yj:jx{j}) 9Qi?\{j}) in n way that the conditions of our claim are satished; we want 
to prove the same for j = i. 

Indeed, notice that the intersection of QRs.{i} with the union of the previous facets, is the 
union of all QRs{i,j} with 2 < j < i, whether we consider “previous” in the shelling S{Z) or in the 
shelling until the current inductive step (i.e., when each Q_Rn{j} with 2 < j < i is stellarly subdi¬ 
vided) . As a result, the second condition of Dehnition 5.7, namely that that there exists a shelling 
order of the facets of starting with all facets of \J 2 <j<idQR\{i,j}i holds. It suffices to 

choose a shelling order of dQRs^^jy that respects the common shelling order with U 2 <j<i 
Using this shelling order, we may replace the facet Qijxji} by those in star(yj:jx{i}) 5QR\{i}) (the 
shelling orders of each stsii{ys,dQs) are inherited from those for dQs) and arrive at a shelling 
order of Qr with the desired properties. The last facet can be replaced by star(y^x{i }5 

without any further concern, since the shelling conditions are already fulhlled from 
the shelling S(Z). □ 

Exploiting Lemmas 5.10, 5.11 and 5.12 we arrive at the following theorem, where we bound 
the right-hand side of (5.27) by an expression that does not involve the links JCsIv. 
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Theorem 5.13. For all v €Vr and all k >0 we have: 


E (- 1 )'*'-'“' E < E E (5.28) 

0c5ei? ViVs eX^SsR viVs 

where Vs = ^i^sVi. 

Proof. Let us first observe that, by rearranging terms, we can rewrite relation (5.28) as: 

EE E (-i)''’-'*'9r'''®bwo<E E E (5.29) 

i^RviVi {ij^S^R i^RviVi{i}cSQR 

Clearly, to show that relation (5.29) holds, it suffices to prove that: 

j; (-i)i«nsijfH5i)(Ks/o< E (-i)''''-''’' 9 r’'®“c:s), ( 5 . 30 ) 

{i}ES£i? {i}QS£R 

for any arbitrary fixed i € R. 

Without loss of generality we may assume that i = 1. Define Qi = Since Fn and 

disjoint, we can write: 

fk{Qi) = fk{d^R) + fk{d^R^{l}) 

= E (-i)'^'-'^'A(x:5) + E (-i)'^'-'-"^'A(^5) 

S£R Scfl\{l} 

= E (-i)""-'^'a(^5) - E 

sqr scR\{i} 

= E (-l)'^'''^'/fc(^5). (5.31) 

{1}eSeR 

Similarly, for all v ^Vi'. 

fk{Qilv)= E (5.32) 

{l}c5c_R 

Converting the above relations into /i-vector relations (using generating functions and com¬ 
paring coefficients) we deduce that: 

hk{Qi)= E (5.33) 

{l}cSc_R 

and 

hk{Qilv)= E (5.34) 

{l}c5c_R 

Thus, in view of (5.33) and (5.34), proving (5.30) reduces to showing that hk^Qijv) < hk{Qi). 
Define dQ'^ to be the polytopal {d + |i?| - l)-complex whose facets are the facets of OQr not 
incident to To understand the face structure of dQ'j^, we use Lemma 3.1 to rewrite dQn 

as the union: 

Fr IJ star(y^^{i},5QR) 

leR 

of, not necessarily disjoint, faces. After removing all faces of BQr incident to we are left 

with the following set of faces: 


dQ'R= U star(yR^|i},aQR)ujr^ujr^^|i}. 
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Although the face sets in the above union are not disjoint, the face sets A and B are. This 
further implies that the facets of dQ'^ are the facets in A and those in B. We next claim that 
dQ'ii is shellable and that there exists a shelling of in which all facets in A come hrst. 

Indeed, according to Lemma 5.12, there exists a shelling of OQr starting from facets in 
Uj 6 _R\{i} star( 7 /^^j'j}, 9Qij), continuing with those in Tr and ending with facets in star(?/^^|i}, 
QQr)- Discarding the facets in star(y^^|]^j,,we obtain a shelling of dQ'^ starting from 
facets in UieK\{i} star(yj:j^|ji., and ending with facets in Tr. We then apply Lemma 5.11 

with S := dQ'^ and A := UieRxji} star(y^^|j|, and we deduce that /ifc(B/n) < /ifc(B), or 

equivalently that hk{Gilv) < hk{Qi)- This completes our proof. □ 

5.5 The last step towards the recurrence relation 

The last step for proving Theorem 5.1, is the following lemma that involves calculations which 
simplify the right-hand side of (5.28). 

Lemma 5.14. Let 0 c i? c [r], and Vs = for all 0 c S R. Then, for all k>0 we have: 

^ Y. 9^k'''~''''\>^s) = nRhkiTR) + Zni9^^^ (5-35) 

0c5Eii v^Vs i^R 

where ur = "EieRni ond n^s = 0. 

Proof. From relation (2.12) and the dehnition of the m-order g'-vector (cf. (2.2)), we can easily 
show that, for any 0 c Rc [r]. 

Hence, for all 0 < A: < d + |i?| - 1, we get: 

0 cXqS 0 cXqS 

Thus, the left-hand side of (5.35) becomes: 

E (-l)'"'-'"'' E sf‘™(Ks) = E (-l)W-'“'ns9r™(Ks) 

0 cSc_R v^Vs 0 cS£R 

= 2 2 (5.36) 

0 cScH 0 cJVcS 0 cXc_R XzSsR 

We next evaluate the coefficient of ia (5.36), i.e., the quantity 

E (-l)l^l-l^lns. (5.37) 

X£S£R 

We separate cases: 

(a) V X = R the sum in (5.37) simplihes to ur. 

(b) If |X| = \R\ - 1, then X = R \ {i} for some i € R and the sum in (5.37) simplihes to 

E = (-l)l^l-(l^l-^)n^.„ -e (-l)I^Hi^l^^ = 

XcSzR 

(c) If |Ar| < |i?| - 1 then for every i € R \ X and every 0 < j < |i?| - |Ai| - 1 there exist 
sets of size |X| + j + 1 containing i. We therefore have: 

E (-l)"'l-l^lns = E E = 0. 

X£S£R ieR\X j=0 ^ ieR\X 
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(J^x) in (5.36) are those 


(\ /?i—i(vn 

From (a)-(c) we deduce that the only non-zero coefficients of ' 

for which \X\ = |i?| or \R\ - 1. Thus, the sum in (5.36) simplifies to 

nRhkiXn) + '^nigk{XRs,{i}), 
iiR 

which is precisely the right-hand side of (5.35). □ 

5.6 The proof of Theorem 5.1 

Proof of Theorem 5.1. To prove the inequality in the statement of the theorem, we generalize 
McMullen’s steps in the proof of his Upper Bound theorem [18]. 

Our starting point is relation (5.1) applied to the simplicial {d + |i2| - l)-polytope Qr, ex¬ 
pressed in terms of generating functions: 

{d + \R\-l)h.{dQR]t)+ {l-t)h’{dQR-,t) = ^ h{dQRlv;t). (5.38) 

r)€vert(9Qij) 

Exploiting the combinatorial structure of Qr in order to express: ( 1 ) h(dQR) in terms of h(lFs), 
0 c S c R, and (2) h^dQRjv) in terms of H^PrIv) and h{lFs), 0 ^ S c R, relation (5.38) yields 
(see Sections 5.1-5. 3): 

{d+\R\-l)h{PR-,t) + {l-t)h'{PR]t) = ^ h{TRlv,t), 

veVn 


the element-wise form of which is: 

(k + l)hk+iilFR) + (d + [iil - 1 - k)hk{XR) = ^ hkipRlv), 0<k<d + \R\-2. 

vaVa 


Noticing that hkipRlv) is equal to E0c5ci?(-1)'^' dl,'(by the Inclusion- 

Exclusion Principle), we have that (see Section 5.4): 

E E sf “'““(Ks/0 s E (-1)'*'-'*' E sf “'““('Cs). 

0cSc_R v^Vs 0 cS£R v^Vs 

The right-hand side of the above relation simplifies to ur hk{lF r)+ Y,i<iR 5fc(d^j?\{i}) (cf. Section 
5.5), which in turn suggests the following inequality: 

{k + l)hk+i{lFR) + {d + \R\-l-k)hk{pR) <nRhk{pR) + XI {5.?,9) 

ieR 

that holds true for all 0 < /c < d + |i2| - 2. Solving in terms of hk+i{d-R) results in (5.2). □ 

6 Upper bounds 

Let 5i,..., be a partition of a set S into r sets. We say that IJ S'i is a spanning subset 

l<i<r 

of S if A n Si 0 for all 1 <i <r. 

Definition 6.1. Let Pi,i e R, be d-polytopes with vertex sets Vi,i^ R- We say that their Cayley 
polytope Cr is i?-neighborly if every spanning subset of IJie rVi of size |d2| < .^ < {g ^ 

face of Cr (or, equivalently, a face of IF r). We say that the Cayley polytope Cr is Minkowski- 
neighborly if, for every 0 c S R, the Cayley polytope Cs is S-neighborly. 

The following characterizes ii-neighborly Cayley polytopes in terms of the /- and h-vector 
of Fr. 
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Lemma 6.2. The following are equivalent: 

(i) Cr is R-neighborly, 

(it) = forallQ<i<[^-^\, 

(m) hiiRn) = for allO<i< [‘^^l 

where nt is the number of vertices of Pi and ns = EieS^i- 

Proof. To show the equivalence between (i) and (ii), notice, from the definition of spanning 
subsets, that every spanning subset of Vr = UieR 14 of size £ > |i?| has: 

E n© 


elements. Using induction on the size of one can check that the above sum of products is 
equal to the expression on the right-hand side of (ii). Moreover, in the case where £ < |i?|, the 
expression on the right-hand side of (ii) is 0. This, agrees with the fact that there do not exist 
any spanning subsets of U C of size i < |i?|. 

iiR 

We next show the equivalence between (ii) and (iii). Taking the (d - A:)-th derivative of 
relation (2.4) for it suffices to show that the values for fe-i^ipR) and hi{J-R), £) < £ < k., \n 
the statement of the theorem satisfy 




Indeed, we have: 
k 




i=0 


{k-i)\ 
k 




i=O 0 <zS£R 


^ (.k i'j. ■ r\ ^ 

3=0 


0c5si? 


i =0 
k k 


^ ^ ^ (d+\R\-l-k+j)\ d+\R'\-l-i 


0c5cR 


i =0 j =0 
k 


- \ L, j\ I ns-d-liJI A k-i-j 

0cScR j =0 i=0 


0c5Ei? 


j\ \ns-k+j) 

( ;^yfi|-|g| Y ^^r\R\-l-jy- ^ns-j^k-j 


3=0 

k 


3=0 


0c5cR 

^Y Y ( l)l^l-l‘5'l(ns^ (d+\R\-l-j)\ _^k-i ^ 
j=O0oS£R ^ 


where to go from (6.2) to (6.3) we used Relation 5.26 from [10]: 

E (l-k\/q+k\ _ / l+q+l \ 

\ m / V n ) \m+n+l/’ 

0 <k<l 


holding for all non negative integers l,m,n> q. 


( 6 . 1 ) 


( 6 . 2 ) 

(6.3) 


□ 
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6.1 Upper bounds for the lower half of 

From the recurrence relation in Theorem 5.1 we arrive at the following theorem. 
Theorem 6.3. For any 0 c i? c [r] and 0 < A: < d + |i?| - 1, we have: 


»CBr)< E and 

(6.4) 

0cS^R 



(6.5) 


0oS£R 


where ns = Equalities hold for all 0 < k < and only if the Cayley polytope Cji 

is R-neighborly. 

Proof. We are going to show the wanted bounds by induction on \R\ and k. Clearly the bounds 
hold for \R\ = 1 and for any 0 < k < d (this is the case of one d-polytope and the bounds of the 
lemma refer to the well-known bounds on the elements of the h- and 51 -vector of a polytope). 

Suppose now that the bounds for gkid-pt) and hkiipR) hold for all \R\ < m and for all 
0 < k < d+\R\-l. Consider an R with \R\ = m. Then, for fc = 0 we have: 

|R| |H| 

i=l i=l 0 <zS£R 

\S\=i 

\R\ 

i=l0cS£i? 0cS£iJ 0cS^R 

\S\=i 

and 


9o{Er) = hoiPR) - h-i{FR) = Y ^ ^_^^\R\-\s\^ns-d-m-iy 

0cS£R 0cS£R 


For A; > 1 we have: 


9k{^R) = hkipR) - 

< /,,_!(^ _ hk-liPR) 

iiR 

= ^^^^^hk-i{FR) + E ^9k-i{ER,{i}). 


i^R 


By our inductive hypotheses, we have: 


0cS£R 


and also, for all i € R: 


gk-l{ER,i^}) < Y 


0 c 5 c_R\{i} 

• E 

0c5£H\{i} 


Y (^^iyR\-\S\^ns-d-\R]-l+ky 


( 6 . 6 ) 


(6.7) 


( 6 . 8 ) 


Substituting (6.7) and ( 6 . 8 ) in ( 6 . 6 ) we get: 

0cSeR i^R 0(zS£R\{i} 
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Consider the sum Y,ieR ^ E 0 cSc_R\{j}(-l)''^' l'S'l^"-s 1+^^. observe that for any given 0 c S' c 

R we get a contribution of ^ for for any i ^ S. In other words, we have the 

equality: 


0cScR 

In view of (6.10) the inequality in (6.9) becomes: 


i<^R 0cS^R\{i} 


( 6 . 10 ) 


0cS£R 0cScR 


0COC_ft 

nii-d-\R\ ^nii-d-\R\-l+k^ ^ nii-d-\R\ ^ ^ 

0<zScR 

^ rtflsS ^ng-d-|i;|-l+fc^ 

0<zScR 


k-1 


) 


/ ng-d-\R\-l+k 
fc-1 




ni{-d-\R\ /nfl-d-|ii|-l+fc\ y* / f nii-d-\R\ _ 1 ys-rf-|fl|-l+fc'j 

k V k —1 / ^ ^ \ fc k / \ k —1 / 

0<zS<^R 

nii-d-\R\ ^nji-d-\R\-l+k^j ^ y ^ 2)l-^l~l‘^l 

0tzScR 

nji-d-\R\+k /nii-d-\R\-l+k\ /nji-d-\R\-l+k\ 

k V k-1 II fc-1 ) 

_l_ y ^ ng-d-|i?|+fc ^n 5 -d-|ii;|-l+fc^ ^ns-d-\R\-l+k 

0<zS<zR \ 

^nji-d-\R\+k'j _ y j _ ^ns-d-\R\-l+k 

0cS<^R 

0cScR 

/^r- Qr- Z? 


We can now turn om attention to proving the bound for hk{RR)- Using the recursive relation 
(5.2) and the upper bound for gki^R) that we just proved, we get: 


hkiJ^R) < + y 

iiR 

^ nji-d-\R\+k y 


0 cSsR 

+ Et E (-i)'«'»h®|( 

iiR 0(zS£R\{i} 


{i}|-|S| /ns-d-|J?\{i}|-l+fc-l) 

fc -1 > 


nji-d-\R\+k ^nfl-d-|i?|+fc-l^ nji-d-\R\+k y ^_^y^|_| 5 | 


0cScR 

y y^^|R|-l-|S|^ns-d-|R|+fc-l^ 
i<^R 0cSQR\{i} 


^nu-d-\R\+k^ y ^ j^yi?|-|5| nR-d-\R\+k ^ng-d-|fl|+fc-l^ 

0tzScR 

_l_ y y j^yi?|-|5|-lnH^^ns-d-|H|+fc-lj 
SoR 

^nii-d-\R\+k'j y / nn-d-\R\+k _ ^ns-d-|ij|+fc-l^ 

0cSc_R ' 


^rifl-d-IRI+fc^ y ^ ]^yii:|-|5| ns-d-\R\+k ^ng-d-| ji|+fc-l^ 

0cScR 
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0tzScR 

= ^ (^_l-^\li\-\S\^ns-d-\R\+ky Q 

0cS^R 

Finally, the equality claim is immediate from Lemma 6.2 . 

6.2 Upper bounds for hk(J^R) and hki^KLn) for all k 

Before proceeding with proving upper bounds for the /i-vectors of J-r and Kr we need to define 
the following functions. 

Definition 6.4. Let d > 2, 0 c R c [r], m > 0, 0 < k < d + \R\ - 1, and n* e N, i € R, with 
ni> d+1. We define the functions (nji) and by the following conditions: 

1. 0<k< 

ci>£)(n^) = m > 0 , 

where nji stands for the \R\-dimensional vector whose elements are the values Ui, i € R. 

Notice that and are well defined, though in a recursive manner (in the 

size of R), since for any k > ( ‘^+1^1 have: 


0<zS£R 


4> 


( 0 ) 

d+|i?| 


' d+\R\-l-k,d 
d|fl|-|S|) 


-i-kXR)+ E 


0 cSeiJ 


0<zS<zR 

- E (-i)''"-'"L:s‘iE) - E 4'"'*'^"'’ 


0c5c/? 


d+\R\-l-k,d 


(ns), 


( 6 . 11 ) 


where the second sum in (6.11) is to be understood as 0 when \R\ = 1. In other words, <l>^°^(n/j), 
and, thus, also (nji) for any m > 0, is fully defined for some R and any k, once we know the 
values <l>^^^(n 5 ) for all 0 c S' c i?, for all 0 < A: < d + |5| - 1, and for all 1 < A < \R\ - 1. Moreover, 
it is easy to verify that <l>l^j(n^) satisfies the following recurrence relation: 


$ 


( 0 ) 


TlJi d |i?| + /c + 1 ^(0) / X ^ ^2 /is(l) / \ n / 7 / I I 1 o\ 

=-^71-S 0 < A: < L^^J. (6.12) 


Lemma 6.5. For any 0 c i? c [r], any k with 0 < k < q, u^iffi 0 < a < we 

have: 

hk{FR) - a E hk-l{:FR.{^}) < XXr) - « E XXdi^R^w)- (6-13) 

ieR ieR 

To prove Lemma 6.5 we need the following intermediate result. 

Lemma 6.6. For any 0 c Rc [r], any k with 0 < k < d^y q, •ujitfi 0 < a < we 

have: 

gki^R) - a E 9k-i{^R^{i}) < - a E 

ieR ieR 
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Proof. Let us recall the recurrence relation from Theorem 5.1: 


hki^R) < -r- hk-i{TR) + 2^ -rgk-l{^RK{i})- 

^ iiR ^ 

Subtracting hk-i{J^R) + a T,RRgk-i{^R\{i}) from both sides of the inequality we get: 

nR-d-\R\ 


gk{d^R) -otYj gk~i{d^Rs{i}) ^ 

RR 


k 


hk-l{d^R) + XI - Ct^gk-lid^R~s{i})- (6.14) 


Observe that the coefficient of hk-i{J~R) in (6.14) is non-negative: 

nR-d-\R\> \R\{d +l)-d-\R\ = d\R\ + \R\-d- |i?| = d{\R\ - 1) > 0. 
The same holds for the coefficient of 5fc-i(-^j?\{i}) in (6.14), since: 


m d+l d +1 

— > —— > 


2d+ 2 


2d+ 2 


2d+ 2 


k ~ ~ <^+1^1-1 d+\R\-l~ d+{d-l)-l 2d-: 


> a, 


(6.15) 


where we used the fact that |i?| < r < d-1. Hence, we can bound (6.14) from above by substituting 
gk-i{d^R) and gk-i{d^Rs.{i}), R,hy ^\}\^^{nR) and i e R, respectively. This 

gives: 

gkid^R) -aY. 9k-i{^R.{i}) < + X (y - «) ^l-i,d(^i?x{d) 

,v p A. idTi \ ' 


_ riR-d-^ n) 


u ' + X J^kA,dinR.{^}) 

A, n^T? 




iiR 


«X^S,d(^i?xw) 


RR 


= ^m(^h) - « X ^l-ld(^iixw)- 

iei? 




□ 


Having established Lemma 6.6, it is now straightforward to prove Lemma 6.5. 

Proof of Lemma 6.5. First observe that hi{J-x) may be written as a telescopic sum as follows: 


i-1 


hi{Px) = ho{Px) + Ysi-ei^x)- 
£=0 


(6.16) 


Since ho{Px) = goi^-x), the above expansion may be written in the more concise form: 


hi{Tx) = Ydi-d^x)- 
1=0 

Using relations (6.16) and (6.17), and applying Lemma 6.6, we get: 


(6.17) 


hk{d^R) - a X ^k^ii^R^{i}) = ho{TR) + X gk-ei^R) “ « X X 9k-i-e{^Rs{i}) 

iiR £=0 iiR i^O 


k-1 / 

= hoiRR) + X gk-t{^R) - « X 9k-l-l{d^R^{i}) 

£=0 V iei? 

^ + X {^i%d(^R) - « X ^fc-i-£,d(^Rx{d) 

£=0 \ iiR 
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= + E '^kXdi'^R) -« E E 

£=0 iiR i=0 

= - « E ^S,d(^RxW)> 

ieR 

where we also used the fact that ho{J^R) = (- 1 ) 1 '^!“^ = □ 

The next theorem provides upper bounds for h-vectors of J-r and ICr, as well as necessary 
and sufficient conditions for these upper bounds to be attained. 

Theorem 6.7. For all 0 < k < d + \R\ - 1, we have: 

(i) hki^R) < 

(a) hkiJCn) <^k,d{nR). 

Equalities hold for all k if and only if the Cayley polytope Cr is Minkowski-neighborly. 

Proof. To prove the upper bounds use recursion on the size of \R\. For \R\ = 1, the result for 
both hkiipR) and hk{ICR) comes from the UBT for d-polytopes. For \R\ > 1, we assume that 
the bounds hold for all S with 0 c 5 c i?, and for all k with 0<A:<d+|S'|-l. Furthermore, the 
upper bound for hkiipR) for k < jg immediate from Theorem 6.3. To prove the upper 

bound for hk{JCR), 0 < k < [—we use the following expansion for hk{K,R) (cf. [2, Lemma 
5.14]): 


I'a'j \R\-2j l\R\-s\l 

hk{JCR)= E E E ' i. ){hk- 2 j{rs) 

j=0 s=c-2j-l SzR ^ M ' \ 

\S\=s 

L^J 

- E E 

j=0 ScR 
\S\=c-2j+l 


1^1-1-51 
^ 2 j 


hk- 2 ji^s) 


1 

2 j + l 


E f^k-2j-l{^Ss{i}) 

ieS 


1 

2 j + l 


E f^k~-2j-l{^S\{i}) 1 ) 

ieS / 


(6.18) 


where c depends on k, d and \R\. Under the assumption that r < d, it is easy to show that (see 
Lemma 6.5 in Section 6.2 below): 


hk- 2 j{iFs) - E hk- 2 j-iiiFs^{i}) ^ E 

+ -*■ iiS + -*■ iiS 




Substituting the upper bound from (6.19) in (6.18), and reversing the derivation logic for (6.18), 
we deduce that hk(JCji) < ^k,di''^R)- 
For k > ( ‘^'*'1^1"^ ] have: 

hk{d^R) = hd+\R\-i-k{K,R) < d+\R\-i-k,d{‘<^R) = and, 

hk{hZR) = hd^R\-i-k{^R) di'^^R) = ^k,d{nR). 

The necessary and sufficient conditions are easy consequences of the equality claim in The¬ 
orem 6.3. □ 


For any d > 2, 0 c i? c [r], 0 < A: < d + |d?| - 1, and e N, i e i?, with n, > d + 1 , let 

1^ d+r-2 J 

Ek,d{nR)= E E (fc-d-EiJ E 

0c_Rc[r-] 2=0 0c_Rc[r] 

where Cs{n) stands for the cyclic d-polytope with n vertices. It is straightforward to verify that 
for 0 < /c < Ek^di^R) simplifies to E 0 cScK(-l)^'^^~^‘^^(")f)• We are finally ready to state 

and prove the main result of the paper. 
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Theorem 6.8. Let Pi,... ,Pr her d-polytopes, r < d, with rii,... ,nr vertices respectively. Then, 
for all 1 < k < d, we have: 

Equality holds for all 0 < k < d if and only if the Cayley polytope C^j.] of Pi,Pr is Minkowski- 
neighborly. 

Proof. We start by recalling that: 

d+r-1 

i=0 

In view of Theorem 6.7, the above expression is bounded from above by: 


d+r -1 


i=0 j=[d±r;:lj + l 


i=0 

d+r-1 


■ " i=0 


Ein:n-L-, 

i=0 


d-r+l+i 




I d+r-2 I 


E (. 


/ 0c_Rc[r-] 


Kk-d-r^lJ E 

*=0 0 ci?c[r] 


I d+r-2 I 


0 c_Rc[r] i=0 0 c_Rc[r] 


( 6 . 20 ) 

( 6 . 21 ) 


( 6 . 22 ) 

(6.23) 


where to go: 

• from (6.20) to (6.21) we changed the variable of the second sum from itod + r- l-i, 

• from (6.21) to (6.22) we wrote the explicit expression of from relation (6.11), 

• from (6.22) to (6.23) we used that the number of (A:-l)-faces of a cyclic (5-polytope with n 

. I 

vertices is E *i=o ((ED (fc-ED) "''^here D* Ti denotes the sum of the elements 

z=0 

Tq,Ti, ... ,Tys^ where the last term is halved if 6 is even. 

Finally, observing that the expression in (6.23) is nothing but and recalling that 

fk-i{P[r]) = fk-riP[r])i arrive at the upper bound in the statement of the theorem. The 
equality claim is immediate from Theorem 6.7. □ 

7 Tight bound construction 

In this section we show that the bounds in Theorem 6.8 are tight. Before getting into the 
technical details, we outline our approach. We start by considering the {d-r + l)-dimensional 
moment curve, which we embed in r distinct subspaces of M'^. We consider the r copies of the 
(d - r + l)-dimensional moment curve as different curves, and we perturb them appropriately, 
so that they become cZ-dimensional moment-like curves. The perturbation is controlled via a 
non-negative parameter which will be chosen appropriately. We then choose points on these 
r moment-like curves, all parameterized by a positive parameter r, which will again be chosen 
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appropriately. These points are the vertices of r d-polytopes Pi, P 2 ,..., Pr, and we show that, 
for all 0 c i? c [r], the number of (A: - l)-faces of J-r, where \R\ < k < [—becomes equal 
to rf(n^) for small enough positive values of ( and r. Our construction produces projected 
prod-simplicial neighborly polytopes (cf. [17]). For C = 0 our polytopes are essentially the same 
as those in [17, Theorem 2.6], while for > 0 we get deformed versions of those polytopes. The 
positivity of (j allows us to ensure the tightness of the upper bound on fkiP[r])i not only for 
small, but also for large values of k. 

At a more technical level (cf. Section C), the proof that fk-iiPn) - '^k,d{iT'ji), for all 
|7?| < k < is performed in two steps. We hrst consider the cyclic (d - r + l)-polytopes 

Pi,..., Pr, embedded in appropriate subspaces of M'^. The Pfs are the unperturbed, with respect 
to C, versions of the d-polytopes Pi, P 2 , ■ ■ ■, Pr (i.e., the polytope Pi is the polytope we get from 
Pi, when we set C equal to zero). For each 0 c 7? c [r] we denote by Cr the Cayley polytope 
of Pi,i € R, seen as a polytope in and we focus on the set Pr of its mixed faces. Recall 
that the polytopes Pi,i € R, are parameterized by the parameter r; we show that there exists a 
sufficiently small positive value r* for r, for which the number of (A; - l)-faces of Pr is equal to 
'^k,d{nR) for all |i?| < A: < For r equal to r*, we consider the polytopes Pi,P 2 , ■ ■ ■ ,Pr 

(with r set to r*), and show that for sufficiently small () (denoted by C^), fk-i{pR) is equal to 

'^k,d{nR). 

In the remainder of this section we describe our construction in detail. For each 1 < i < r, 
we dehne the d-dimensional moment-like curve^: 

coordinate 

/j.. /-\ / /-^d-r+2 /-^d-r+i j. /'^d-r+i+2 j .2 ^d-r+l\ 

,t ,...,t ), 

and the d-polytope 

Pi := CH{-fi{yiX,C), ■ ■ ■ C)}, (7.1) 

where the parameters yij belong to the sets Yi = {yi^i ,... ,yi,ni}, 1 < i < r, whose elements are 
determined as follows. Choose 

• n^r] + d + r arbitrary real numbers Xij and Mg, such that: 

- 0 < Xjp < Xi^i + e< Xi ^2 < Xi ^2 + €<■■■< Xi^n,, + 6, for 1 < z < r - 1, 

- 0 < Xr,l < Xr,l + e < Xr,2 < Xr,2 + €<■■■< Xr,nr + e < M[ < ■■■ < 

where e > 0 is sufficiently small and Xi^m < Xi^i^i for all i, and 

• r non-negative integers (3i, P 2 , ■ ■ ■ Pr, such that /3i > (32 > ■■• > (dr-i > (3r >0. 

We then set yij := XijP% ijij ■= (xij + e)r^* and Mj := where r is a positive parameter. 

The yij’s and y,:.j’s are used to dehne determinants whose value is positive for a small enough 
value of r (see also Lemma C.2 in the Appendix). The positivity of these determinants is crucial 
in dehning supporting hyperplanes for the Cayley polytopes Cr and Cr in Lemmas 7.1 and 7.2 
below. 

Next, for each 1 < z < r, we dehne Pi '■= lim^^o+ Pi- Clearly, each Pi is a cyclic {d - r + 1)- 

polytope embedded in the {d-r + l)-hat Fi of M'^, where Fi = {xj = 0 | 1 < j < r and j ^ z}. The 

following lemma establishes the hrst step towards our construction. 

Lemma 7.1. There exists a sufficiently small positive value r* for t, such that, for any 0 c 
R'= [r], the set of mixed faces Pr of the Cayley polytope of the polytopes Pi,... ,Pr constructed 
above, has 

fk-i{pR)-^k,dpR)^ |R|<A:<[^iJ|^J. 

^The curve 7 i(Z;C, (^ > 0, is the image under an invertible linear transformation, of the curve ji{t) = 
(t,T,... ,... Polytopes whose vertices are n distinct points on this curve are combina- 

torially equivalent to the cyclic d-polytope with n vertices. 


30 







Proof. Let be the set of vertices of Pi for 1 < z < r and set ■= The objective in 

the proof is, for each 0 c i? c [r] and each spanning snbset U of the partition U = to 

exhibit a snpporting hyperplane of the {d + |i2| - l)-dimensional Cayley polytope Cr, containing 
exactly the vertices in U. In that respect, onr approach is similar in spirit, albeit mnch more 
technically involved, to the proof showing, by dehning snpporting hyperplanes constrncted from 
Vandermonde determinants, that the cyclic re-vertex d-polytope Cd(re) is neighborly (see, e.g. 
[22, Corollary 0.8]). 

In onr proof we need to involve the parameter before taking the limit 0^. This is dne 
to the fact that, when 0 c Rc [r], the information of the relative position of the polytopes Pi, 
i € R, is lost if we set C = 0 from the very hrst step. To describe onr construction, we write 
each spanning snbset [/ of U = the disjoint nnion of non-empty sets Ui, i € R, where 

\Ui\ = Ki< m, Ui = lim^^o{7i(2/; 0 - ^/} = {liiv; 0) : y e V/} and Yf = {y e V | 7 j(y; 0) e Ui). 

For this particniar U, we dehne the linear eqnation: 

Hu{x)= (7.2) 

where x = {xi,X 2 , ■ ■ ■, a;d+|_R|-i), and Du{x-, C,) is the {d + |i?|) x (d + |i?|) determinant^: 

• whose hrst coinmn is (1,®)^, 

• the next Kj, i ^ R, pairs of coinmns are (1, ej_i, 7 j(y. j',C)y and (1, ej_i, 7 j(y. j; C))^ where 

Bq, ..., ^\R\-i is the standard affine basis of and j e Yf, and 

• the last s := d + |ii| - 1 - 'Ei^RHi coinmns are (1, 7|^|_i(Mj; C))^, 1 < z < s; these 

coinmns exist only if s > 0. 

The quantity cr(R) above is a non-negative integer connting the total number of row swaps 
reqnired to shift, for all j e [r] \ R, the {\R\ + j)-th row of Df/(a;;^) to the bottom of the 
determinant, so that the powers of yij in each coinmn are in increasing order (notice that if 
R = [r] no snch row swaps are reqnired). Moreover, (t{R) depends only on R and not on the 
choice of the spanning snbset 1/ of U. 

The eqnation Hjj{x) = 0 is the eqnation of a hyperplane in that passes throngh 

the points in U. We claim that, for any choice of U, and for all vertices re in ^ \U, we have 
Hu{u) > 0. To prove onr claim, notice hrst that, for each j e [r] \ R, the {\R\ + j)-th row of 
the determinant D[/(re;(') will contain the parameters mnltiplied by C^. After 

extracting from each of these rows and shifting it to its proper position (i.e., the position 
where the powers along each coinmn increase), we will have a term and a sign (-l)'^(^) 

(indnced from the cr(R) row swaps reqnired altogether). These terms cancel ont with the term 
(_1 in (7.2). We can, therefore, transform id[/(re) in the form of the determinant 

Dk{Y; fii,..., Hm) shown below: 






Ml 

ypA • 

Ml 



A'k(Y;/zi,. 

n(n-l) 

• ) /^m) •= (~1) ^ 

iZLl 

• yi%i 

»2,1 

■ 

^2,Av2 

^n, 1 

• VnUi 



yi.i 

• yi%i 

«2,1 

• 1p^ 

2/2, K2 

^n, 1 

7/^3 . 

1 

Un, Kn 

Vn, Kn 



..Mm 

Vl,l 

■ yiX 

2/2,1 

. iP"' 

2/2, K2 

2/n,l 

■ yrCKn 


^We refer the reader to Figs. 1 and 2 in the Appendix for an example of Dj7(a:;0, C > 0i a-nd Dj7(a;;0). 
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by means of the following determinant transformations: 

(i) By subtracting rows 2 to \R\ of Hu{u) from its first row. 

(ii) By shifting the hrst column of Hu{u) to the right, so that all columns of Hu{u) are 
arranged in increasing order according to their parameter. Clearly, this can be done with 
an even number of column swaps. 

The determinant T)k(Y;/ ri,...,/Tm) is strictly positive for all r between 0 and some value 
t{R,U,u), that, depends (only) on the choice of R, U and u. Since there is a hnite num¬ 
ber of possible such determinants, the value f* ■= min/j f/„ f(i?, 17, u) is necessarily positive. 
Choosing some r* e (0,f*) makes all these determinants simultaneously positive; this completes 
our proof. □ 

The following lemma establishes the second (and last) step of our construction. 

Lemma 7.2. There exists a sufficiently small positive value for such that, for any 0 c i? c 
[r], the set J-r of mixed faces of the Cayley polytope Cr of the polytopes Pi, ... ,Pr in (7.1) has 

fk-iid^R) = Ek,d{nR), for all \R\<k<[^^^\. 

Proof. Briefly speaking, the value is determined by replacing the limit ^ ^ in the previous 
proof, by a specihc value of C for which the determinants we consider are positive. 

More precisely, let be the set of vertices oi Pi, 1 < i < r, and set ^ := Our goal 

is, for each 0 c i? c [r] and each spanning subset U of the partition U = to exhibit a 

supporting hyperplane of the Cayley polytope Cr, containing exactly the vertices in U. To this 
end, we dehne the linear equation Hij{x; C) = 0 , ® = {xi,X 2 , ■ ■ ■ ,a;d+|R|-i)) with 

Hu{x-,C) - (- 1 )™^-(^)CI^I-D^(.;C), C > 0 , (7.3) 

where Dij{x-, is the determinant in the proof of Lemma 7.1, where we have set r to r*. Clearly, 
for each u € \ 17, we have lim^^o+ = Hij{u) > 0. This immediately implies that for 

each combination of U and u there exists a value CiU,u) such that, for all e (0,(^(U,u)), 
Hij{u; Q) > 0, which, due to the positivity of C,, yields that C,) > 0. Since the number 

of possible combinations for U and u is hnite, the minimum := minf/^^({(^(?7, ■u)} is well dehned 
and positive. Taking to be any value in (0,^^), satishes our demands. □ 

7.1 Examples of determinants appearing in the tightness construction 

The determinant in Fig. 1 is the determinant Du(x;^) that corresponds to the linear equation 
Hij{x) dehned in the proof of Lemma 7.1, in the case where R = [r] and T) = {yjq,... 
for all 1 < z < r. The determinant in Fig. 2 is the same as in Fig. 1 after having taken the limit 
C^ 0 +. 
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Figure 2: The determinant Du{x', 0) = lim^^o+ D(u; for R = [r]. 
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A Special sets related to the derivation of the Dehn-Sommerville 
equations 


To prove Lemma 3.3, we introduce a couple of sets that appear in the face counting of dQ^. 
For any m e N, and S £ [m] we define: 

An,{S, k) := {(5i,52, ..., I c 52 c ... c c [m]}, (A.l) 

Bm{S, k) := {(5o, 5i,..., I 5 = 5o c 5i c ... c Su-i c [m]}. (A.2) 

Furthermore, we denote by Am{S,k) Bm{S,k) the cardinalities of Am{S,k) ^-nd Bm{S,k) 
respectively. It is immediate to see that: 


Am(5,A;) = A^_| 5 |( 0 ,/c), and 

Bm,(5, A:) = B^_|5|(0,/c). 

Lemma A.l. For any A:,m e N, with k <m, we have: 

(i) B^(0,A:) = A:!5L 

(%%) A^(0,fc) = A:!5^+A. 

Proof. Recall that the Stirling number counts the number of elements of the set of all 

partitions of [m] = {1,2,..., m} into k subsets. 

In order to prove (i) let a ■ [A:] ^ [A:] be a permutation of the integers in [A;] and T = 
(Ti ,... ,Tk) be a partition of [m] into k subsets. We claim that the map (p which sends each 
pair {cr,T) to the chain 


0 <= ^fT(l) u T^(2)) <= 


1 k 

<= U Ta(i) <= U Ta(i) = [m] 

1=1 1=1 


is a bijection between [A:] x and Bm{0,k)- 

To prove our claim, notice first that, since the sets Ti,... ,Tk are non-empty, the inclusions 
in the chain (p(a,T) are strict and thus (p is well defined. To prove that (p is injective, let 
cr, T be two permutations of [A:], and T = (Ti,...,Tfc), T' = (T[,... ,Tl^) be two partitions of 
[m] into k subsets. We assume that ip(a,T) = (p(T,T') and we will prove that a = t and 
{Ti,... ,Tfc} = {T [,... ,T^}. We use induction on the size of [m], the case m = 1 being trivial. 
We next assume that our assumption holds true for any proper subset of [m] and any k < m 
and we prove it for [m]. To this end, since ip{a,T) = (p(t,T'), we have that the chains 


k~2 

0 <= T^{1) <= (^(7(1) u T^(2)) c ... c IJ 

i=l 

i=l 

are identical. Thus, using the induction hypothesis, we deduce that To-(i) = 

for all 1 < i < A:-1. Clearly, a{k),T{k) € K = [A:] \ {<T(i) : 1 < i < A:-1}. But since |iL| = 1, we have 

that a{k) = T{k). Moreover, since [m] = = U^=i we deduce that 

This completes our induction. Finally, to prove that ip is onto, we consider a chain 0 c 5i c 52 c 

... c 5fc_i c [m] in Bm{0,k) and we set Tk '■= [m] \ Sk-i,Tk-i '■= Sk-i \ Sk- 2 , ■ ■ ■ ,T 2 '■= 82 '^ Si and 

Ti := 5i. It is immediate to see that Ti,... ,Tk is a partition of [m] into k non-empty sets and 

that ip{A, id) = 0 c 5i c 52 c ... c 5fc, where id is the identity permutation in [Ac]. 

To prove (ii), notice that 


Ar„(0,A:) = {(5i,.. .,5fc) I 0 c 5i c ... c 5fc c [m]} 
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= {{Si,..., Sk) I 0 C S’! C ■■■ c S’fc C [m]} {J{{Si,...,Sk) I 0 = Si C ■■■ c C [m]} 
= {{Si,...,Sk) I 0 c Si c ■■■ c Sfc c [m]} 1J{(S2,. ..,Sfc) I 0 c S 2 c ■■■ c Sfc c [m]}. 

Using (i), we have: 


A™(0, k) = Bm(0, k) + Bm{0, k-1) 

k+1 k 

i=o j=o 

= (t+ir+f - (j)!!" 

Mfc+ir + Ei-iU'^'CA)/” 

j=o 

= (fc+ir+E (-!)"“(?)(*+ir 

i=0 

= E(-i)*-(‘)(i-nr 

i=0 

= A:!S^";i. □ 


The following combinatorial identities are used in the proof of Lemma 3.5. 
Lemma A.2. For any m>l, we have: 


and 


Proof. Observe that: 


m-1 


Ei!s”;,(*-!)”-= E Kr-r 

2=0 j =0 


m-1 

E(= + i):s”‘(t-i) 

2=0 


m-2-1 


m-1 


i=o 


(A.3) 


(A.4) 


m ^ / 1 \ !''Ei-i ' 

E i! «!;;,(* -1)"”=E —7 E(-i)‘*‘‘'(‘;‘)i’”*‘ e 

i.o i.o\*+lj.o /V/.0 I 


m I 2+1 \ / m-i ' 

i=0 \j=0 / \j'=0 ) 

m+1 m m 

j=0 j^^O 2=0 

m+1 m 

= E E(-ir*‘'”V”(+)*^' 

j=l j'=0 


„ m+1 m 

t.=m-j V' V'/' i\£-?+l -m/ m+1 \ ,m-£ 

= E E(-0 •? 

i=l £=0 

£=0i=0 

m m-1 

V'' im-£ V'' 7-1^ .m-£ 

£=0 £=0 
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where in the last sum we used the fact that - 0 for all m > 1. 

To prove (A.4), we distinguish between the cases m = 1 and m > 1. For m = 1 we have: 


m-1 


i=0 


= (t- 1)° = 1 = 


m-1 

E EU 


i=0 


where we used the fact that = Fi? = 1. For m > 1, we set Sm,{t) ■= ESo 

Em(i) •= ESo^ so that relation (A.3) is equivalent to Sm{t - 1) = Em{t). We then have: 


m-1 m~l m-1 

E (i + !)!«'(« - 1 = rn E >! StHt - I)™-' - E (m - i - 1) i!- 1 

z-O i-O i-O 

= - 1) + (t - 1) - 1) 


m-1 / 

= E -{m-1- + (m - 

2=0 \ 


^m-1-2 


m-1 

= E EU 


i=0 


where in the last equality we used the recurrence relation of Eulerian numbers: 

Em = {m- + {i + l)El^^^. 


□ 


B Relations appearing in the derivation of the recurrence rela¬ 
tion for the /i-vector of Tji 

B.l McMullen’s relation restated 

McMullen [18], in his original proof of the Upper Bound Theorem for polytopes, proved that for 
any simplicial d-polytope P the following relation holds: 

{k + l)hk+i{dP) + {d-k)hk{dP) = ^ hkidPjv), 0<k<d-l. (B.l) 

v£vert(dP) 

Below we rewrite these relations in terms of generating functions. 

Lemma B.l (McMullen 1970). For any simplicial d-polytope P 

dh{dP-,t) + {1-t)h.'{dP]t) = ^ h{dPlv;t). (B.2) 

v£vert{ dP) 

Proof. Multiplying both sides of (B.l) by and summing over all 0 < A: < d, we get: 

E(A; + l)hk^i{dP)&’^-^ +E{d- k)hk{dP)t^-^-^ = f ^ hk{dPlv)&^-\ (B.3) 

k=0 k-0 k=0 v^vert{dP) 

For the right-hand side of (B.3) we have: 

E E hk{dPlv)&^-^= E j:hu{dPlv)&^-^= E KdPlv-p), (B.4) 

k=0 vevert(dP) vevevt(dP) k=0 v^veit(dP) 
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whereas for the left-hand side of (B.3) we get: 


f (A: + + t(d- k)hk{dP)t‘^-’^-^ 

(B.5) 

= d f hk{dP)&’^ + (1 - t) f (d - k)hk{dP)&^-^ 

k=0 k=0 

= dh(dP; t) + (1 -t) h'(dP; t). 

Substituting (B.4) and (B.5) in (B.3) we recover the relation in the statement of the lemma. □ 

B.2 One more auxiliary set 

Recall that D(R,T,X,i) denotes the cardinality of the set: 

V{R,T,X,i) ;= {(5i, . Si) : X c Si c S 2 c - c Si c R and Si = T for some l<i<£}. 

The following lemma expresses the sum of the cardinalities D(R,T,X,i), over all T with X c 
T c R, in terms of the Stirling numbers of the second kind. 

Lemma B.2. For any £ e N, and X, R with 0 X c R, we have: 

^ D{R,T,X,i) = iilSf^_^^^,,. (B.6) 

XzTcR 

Proof. The left-hand side of (B.6) is the cardinality of the set 

T = {(5i, ...,Si): XcTcR,X CS 1 CS 2 C-C SicR and Si = T for some l<i<£}, 
which is nothing but i copies of the set 

Z = {{Sl,S 2 , ...,Si)\XcSicS 2 C-cSiCR}. 

Indeed, 

T ={{Si,Si) : X cT c R,X c Si c S 2 c - c Si c R and Si = T for some I < i < £} 

= {i:l<i<£}x {(5i, ...,Si): XcTcR, XCS 1 CS 2 c-cSicR and Si = T} 

= {i : 1 < A < £} X {(5i,..., Si) : X c 5]^ c 52 c ■■■ c 5^ c i?} 

= {i '-1 <i < £} y. Z. 

By Lemma A.l(ii), the cardinality of Z is completes our proof. □ 

C Determinants used in the tightness construction 

Definition C.l. Let Yi = ^ he non-empty disjoint sets of real numbers. 

Set K Ki -e K 2 + '" + kin, m := K -2n-2 and let fii < p .2 <"' < fJ-m be non-negative integers. 
We denote by Y the partition Ti u u and we define the K y K matrix Aji-(Y; fii,..., fim) cls 
follows: 


= ^ khk{dP)p-^ + E (^ - k)hk{dP)t 

k=0 fc=0 
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/ 


yv.i 


y\. 


\ 


1 


/^1 7 ■ ■ ■ 5 Mm) 




yfi • 

• yfn. 





2 





y'fi ■ 

• 7 /“ 

7 / 3 , K 3 

• 

i/n. 1 

■ 7/'“* 

tyn, Ki 

3 

yS'li ■ 

■ yff. 







n + 1 









n+2 





y'fi ■ 

• y'y 



n+3 







• 

i/n. 1 

■ yy 

2n 

yf\ ■ 

■ y'lY 

yfi ■ 

• y^l^ 

yff ■ 

■ yy 

ypi ■ 


2n + l 

ypi • 

■ y'lY 

yif • 

• fif. 

yff • 

■ yy 

ypi • 

• y'‘‘ 

Rn, Kn 

2n + 2 

^ yfl ■ 

■ y'y 

y%i ■ 

■ yfx 

yfl ■ 

■ py 

yfh ■ 

• yy ) 

K 


We denote by the signed determinant (-1) 


n(n—1) 
2 


/il, . . . , /^m)| • 


We, now, parameterize all y^j ’s as follows: for each 1 < i < n we choose arbitrary real numbers 
0 < Xjp < Xi ^2 < ••■ < Xi^Ki and non-negative integers 0 < (3n < Pn-i < "■ < Pi- Then, we set 
Uij ■= where r is a positive parameter, and consider D^iy] fii,..., fim) as a polynomial 

in T. In the next lemma we essentially show that, for sufficiently small r, the determinant 
Z)k(Y; /il,..., Hm) is strictly positive. 

Lemma C.2. If the elements of the sets Yi, 1 < i < r, are parameterized as above and Y = 
Yi u ••• u Yn, then D^iy-, /ii,... ,/im) = where A > 0 and a is a positive integer. 

Proof. To prove our claim we use the Binet-Cauchy theorem [3]. More precisely, let J be a 
subset of {1,2,..., n(m + 1)} of size K. We denote by j the K x K matrix whose columns 
are the columns of L at indices from J and by the K x K matrix whose rows are the rows 

of R at indices from J. The Binet-Cauchy theorem states that: 


det{LR) = Y,det{L[Kij) det{Rj^[K]), (C.l) 

.7 

where the sum is taken over all subsets J of (1,2,..., n(m + 1)} of size K. 

To apply the Binet-Cauchy theorem in our case, notice that the matrix Ak^Y', yi,.. •, /im) 
can be factorized into a product oi a K x n{m + 1) matrix L and an n{m + 1) x K matrix R as 
shown below: 
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1 


L = 


1 0 
0 1 

0 0 


1 0 
0 1 

0 0 


1 0 
0 1 

0 0 


1 0 
0 1 

0 0 


/ 7 /'“ 

yi.i 

UlA 

yi.i 


2/i:i 


R 


2 / 1 , 

2/L 

2/l. 


2/1:; 


2/2.‘i 

y'i.i 

y'h 


y^i 


2/2,'^, 
2 / 2 :.. 
2 / 2 '*H2 


2 / 2 :; 


2/3,‘1 
2/3":i 
2/3;\ 


ysA 


ysU, 

y'iU, 


y's^i 


Rn, 1 


7/^'' 


VnUn 


ynX 


The numbers over and sideways of L indicate the column and row numbers, respectively. 

Recall that yij = Then it is not hard to see that, for each J c {l,...,n(m + 1)} 

with \ J\ = K, the sub-matrix j is independent of r while Rj,[x] is a block-diagonal matrix 
whose blocks are generalized Vandermonde determinants (cf. [8]) from which we can extract 
powers of r. More precisely, we set '■= k + (i- l)(m + 1) and we write each index set J of the 
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Binet-Cauchy expansion as Ji u J 2 u ■■■ u where Ji £ , (m + 1 )(*>|. We then have: 

n 

det(iij,[^]) = nGVD(J,), (C.2) 

i=l 

where 

a(J) = /3i ^ h'j h ^ h j + ■ ■ ■ + /3n ^ ) 

j( 2 >eJ 2 

and GVD( Jj) is a positive generalized Vandermonde determinant^, independent of r, depending 
on the yjj’s with j e Jj. Thus, combining (C.l) and (C.2), we deduce that Z)k(Y;/ ii,...,//m) is 
a polynomial in r. To prove our claim it suffices to hnd the subset J for which a( J) is minimal 
and, for this J, evaluate the sign of the coefficient of 

Notice that a term det(L[j^] j) det(i2j [x]) ii^ the Cauchy-Binet expansion of Dk{Y; fii, IJ. 2 , 
..., ^m) vanishes in the following two cases: 

(i) e J for some 3 < k < m + 1] in this case the and k^^^-th. columns of L[k],j 

are identical, and thus det(L[j^] j) = 0 . 

(ii) \Ji\ t ki for at least some 1 < i < n; in this case Rj^[k] is a block-diagonal square matrix 
with non-square non-zero blocks. The determinant of such a matrix is always zero.^ 

Among all possible index sets J = Ji u u for which the product det(L[^] j) det(i?j [x]) 
does not vanish, we have to hnd the one for which the exponent a( J) in (C.2) is the minimum 
possible. To do this, we combine condition (i) above with the fact that Pi >■■■> /3n and we 
deduce that the minimum exponent M{J) is attained if, for all 1 < i < r : 

• e Ji, and 

• if e Ji and e Jj+i for some A > 2, then k < \. 

Moreover, since from condition (ii) we have \ Ji\ = ki, we conclude that: 

. Ji = Ji* :={!<!>, 2<i>,3<^>,...,A:j'>} ={!,..., fci}, 

. J, = J* := {l(2>, 2<2>, (ki + 1)G>,. ..,{ki + k2- 2)<2>}, 

. J 3 = J 3 := {lG>, 2<3>, {ki +k 2 - 1 )G>, ...,{ki+k 2 + k 3 - 4)<3>} 
etc. 

For the above choice of J* = u ••• u J*, the matrix j is: 

^It is a well-known fact that, if the parameters in the columns of the generalized Vandermonde determinant 
are in strictly increasing order, then the Vandermonde determinant is itself strictly positive (see [8] for a proof 
of this fact). 

®To see this, consider the Laplace expansion of the matrix with respect to the columns of its top-left block. 
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row 


index 



Thus, in order to find the sign of our original determinant, we have to evaluate det(-L[;^] j*). To 
do this, we perform the appropriate row and column swaps so that j* becomes the identity 
matrix. More precisely, 

• we perform n-l + (n-2) + (n-3)H— + 1= row swaps so that, for all 1 < i < n, row 

n + i is shifted upwards and paired with row i, to become a 2 x 2 identity matrix, 

• we then perform an even number of column swaps to shift each Iki -2 to its “proper” position 
(i.e., so that we get an identity matrix along with the corresponding 2x2 block of the 
previous step). 

We therefore conclude that the sign of the dominant term of the expansion of the determinant 

n(n-l) 

of the matrix Ais:(Y; |Ui,..., as a polynomial in r, is (-1) 2 and this completes our 

proof. □ 
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